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MATHEMATICAL MODELS OF A LIQUID FILTRATION
FROM RESERVOIRS

ANVARBEK MEIRMANOV, NELLY ERYGINA, SALTANBEK MUKHAMBETZHANOV

ABSTRACT. This article studies the filtration from reservoirs into porous media
under gravity. We start with the exact mathematical model at the microscopic
level, describing the joint motion of a liquid in reservoir and the same liquid and
the elastic solid skeleton in the porous medium. Then using a homogenization
procedure we derive the chain of macroscopic models from the poroelasticity
equations up to the simplest Darcy’s law in the porous medium and hydraulics
in the reservoir.

1. INTRODUCTION

In article we consider a correct description of filtration from reservoirs into porous
media under gravity. Our approach is based on the way suggested by Burridge and
Keller [I] and Sanchez-Palencia [10]. We first describe the problem at the micro-
scopic level using classical equations of continuum mechanics and after that derive
all possible homogenized equations, describing the problem at the macroscopic level.

The problem in its simplest setting is modeled by two domains €2y and 2 having
a common boundary S°. The domain Q° models a reservoir and is occupied by
liquid, and the domain 2 models a porous medium. Throughout this paper we
impose the following constraints.

We will use the following assumptions:

(1) Let x(y) be a 1-periodic function, Ys = {y € Y : x(y) = 0} be the “solid
part” of the unit cube Y = (0,1)® C R3, and let the “liquid part” Y; =
{y € Y : x(y) =1} of Y be its open complement. We write v = 9Y; N Y
and assume that « is a Lipschitz continuous surface.

(2) The domain E is a periodic repetition in R3 of the elementary cell Yi=
€Yy and the domain E¢ is a periodic repetition in R? of the elementary cell
Y =¢Ys.

(3) The pore space Q% C Q = QnEj is a periodic repetition in €2 of the
elementary cell €Y, and the solid skeleton 2 C © = QN Ef is a peri-
odic repetition in 2 of the elementary cell €Y;. The Lipschitz continuous
boundary I'* = 925N 69? is a periodic repetition in €2 of the boundary 7.

(4) Y and Yy are connected sets.
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(5) The pore space Q23 and the solid skeleton Q2 are connected domains.
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FIGURE 1. Filtration from reservoir

Let Q =QoUQUSY, S=0Q, S=S'uUS2
We also assume that S* is a part of the plane {z3 = 0}, e = —e3, and that the
domain @ is a subset of the half-space {x3 < 0}. Moreover we suppose that S? is
a C?-smooth surface and in some small neighborhood of the plane {z3 = 0} it is
represented by the equation ®(z1,z2) = 0.
The motion of the liquid in Q° for ¢+ > 0 is governed by the dimensionless non-
stationary Stokes system
V-w=0, (1.1)
2
OzTQfaaT‘;V =V -P;+ore, P; :aMD(Jc,%—‘:)—pH, (1.2)
and the joint motion of the poroelastic media in 2 for ¢ > 0 is governed by the model
[7] consisting of the continuity equation and the dimensionless momentum
balance equation

82
afgsa—;v =V.-P+ o%. (1.3)
Here V- w is the divergence of the vector w, V -P is the divergence of the tensor P,
P= XE()ZMD(Z‘, a—vtv) + (1= x%)aD(x,w) — pl, (1.4)
1 *
D(z,v) = 5 (Vo +(Vo)), 0" = osx" +0s(1 =X,
L 2 2\
T = 5> Qy = ——, o)y = —,
T T TLgp0 T Igpo

where I is the unit tensor, and L is the characteristic size of the physical domain in
consideration, 7 is the characteristic time of the physical process, p° is the mean
density of water, g is acceleration due gravity, u is the dynamic viscosity, A is the
elastic constant, o5 and g, are the respective mean dimensionless densities of the
liquid and the solid skeleton, correlated with the mean density of water p©.
On the common boundary S° = 922N 9NV for ¢ > 0 the continuity conditions
lim  w(x,t)= lim w(x,t), (1.5)

x—x0, xeQo x—x0, xeQ
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li Ps(x,t)-n(x") = i P(x,t) - n(x°), 1.6
xaxgglceﬂo f(X ) (X ) x—»xl(’r,nxeﬂ (X ) (X ) ( )
hold for displacements and for normal tensions. Here n(x") is a normal vector to
the boundary S° at x° € S°.
We completement the problem with the Neumann boundary conditions

Ps(x,t) -n=—p°(x,t)n, P(x,t)-n=—p(x,t)n (1.7)

on the part S§ = S1 N Qg of the outer boundary S of the domain @ = Q°U S° U Q
(which is also the part of the boundary 9Q°) for P; and on the part S} = S1NQ
of the outer boundary S of the domain @ (which is also the part of the boundary
0Q) for P, the Dirichlet boundary condition

w(x,t) =0 (1.8)
on the part S? = S\ﬁ of the outer boundary S for ¢ > 0, and initial conditions

w(x,0) = %—VZ(X,O) =0, x€Q. (1.9)

In 1’1' the characteristic function x°(x) of the domain Q5 is given by the
expression

V) = G2,

where ¢(x) is the characteristic function of the domain Q, x(y) is the characteristic
function of the liquid cell Yy in the unit cube Y, and e is a unit vector in the
direction of gravity. The given function p is supposed to be smooth:

0
/ (IVp°(x,1)]* + |V(%)(X, t)?) dz dt = P* < <. (1.10)
T
The main problem in the macroscopic description of the physical problem is the
boundary conditions on the common boundary for the solutions of homogenized
equations. There are some particular results obtained by Jager and A. Mikeli¢
[B, [, B] for special geometry of pore space (disconnected solid skeleton) and only
for domains in R2.

We study the complete problem in R? for the arbitrary geometry of corresponding
pore spaces. Namely, let

@
lim o, (e) =719, Ui (€)= po, i =X, lim £ = .
limar(e) =70, limap(e) =po, limax(e) =L, lim—5=um

To derive the desired homogenized problem for the case py = 0, A\g = oo, and

0 < 719, 1 < oo we use ([L.1)—(1.9). First we fix 79 > 0, pass to the limit as € \ 0,

and get two different systems

Togfz%vLVp:gfa V-v=0 (1.11)

and
v = /tJB%<f>(To;t — 1) (= V) (x,7) + ope)dr, (1.12)
O v.-viD =0 (1.13)

for the velocity v and pressure p in Q° and the velocity v(f) and pressure p(/) in

Q.



4 A. MEIRMANOV, N. ERYGINA, S. MUKHAMBETZHANOV EJDE-2014/49

These differential equations together with the boundary conditions

li (x,t) = li t 1.14
x%xoelrs%,xeﬂp (X7 ) x—>x06151’1'}7x690p(x’ )7 ( )

li D(x,t)-n(x°) = li t) -n(x° 1.15
x—»xOEHS%, xEQ v (X’ ) n(x ) x—»xgelg’lol, xEQo V(X7 ) n(X ) ( )

on the common boundary S describe the liquid motion in the domain Q for ¢ > 0.
After that we pass to the limit as 79 \, 0 and get the usual hydraulic equation

Vp=ore, p(x,t)=7p°t)—osxs = po(x,t) (1.16)

in the domain Q° and usual Darcy’s system

1
vl = ;B- (= Vp) +ore), V-viH =0 (1.17)
1

in the domain 2, completed with the continuity condition on the common
boundary S°.

So, if we need to take into account the water flow from reservoir, we have to use
the first approximation (1.11))—(1.15). If we need the simplest model, we use the
second approximation Other homogenized models of f one
may find in [7].

The notation of functional spaces and norm there are the same as in [6].

2. MAIN RESULTS

Definition 2.1. We say that the pair of functions {w*®, p°}, such that

ow® ow®
pE € LQ(QT)7WE7 W7 (C + (1 - C)XE)VW7 Vwe € LQ(QT)u
is a weak solution of the problem (1.1)—(1.9)), if it satisfies the continuity equation
(1.1) almost everywhere in Qr = @ x (0,T), the boundary condition (1.8)), the

initial condition (|1.9)) for the function w*, and the integral identity

__owt 9
/T<—Tog - o+ (P + (1= Q)P) : Dz, ) dar

(2.1)
= / (ése cp—V- (appo)) dx dt

T
for all smooth functions ¢, such that ¢(x,t) = 0 at the boundary SZ, and ¢(x,T) =
0,x€Q.
In (2.1)) the convolution A : B of two tensors A = (A;;) and B = (B;;) is defined
as A : B =tr(A-B) =7 Ai;Bji,

4,J=1

ow e
P; = a,D(z, ——) — pc1
f al—l (‘r3 at ) p 9
8 g
P = x“a,D (w L;f ) + (I = x%)anD(z, wx®) — p*x° L,

05 = (C+ (1L =Ox)eos + (1 =1 = x)os
and ¢ = ((x) is the characteristic function of the domain Q° in Q.

The equation ([2.1) obviously contains equations (|1.2)) and (1.3]), and boundary

conditions (1.6 and (|1.7).
The solution of the problem ([1.1])—(1.9)) possesses different smoothness in domains

Q? and 2. To preserve the best properties - which the solution possesses in the
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solid part - we extend the function w® from the solid part Q5 of the domain € onto
the whole domain . To do this we use the extension result (see [2, [§], and [7,
Lemma B.4.2]): there exists an extension

wi =Eq: (W°), Eq:: W3(Q5) — Wi(Q), (2.2)
such that
(1—x°(x) (W (x,t) —wi(x,t)) =0, x€Q, te(0,T), (2.3)

and

/ IwS(x, £) 2z < Co / Iwe (x, )|2da,

(2.4)
/ Dz, we (x, 1)) [P < co/ Dz, w* (x,8)) Pde, ¢ € (0,T),
Q Q:
where Cy is independent of ¢, and ¢ € (0,T).
Theorem 2.2. Let
P’ =p"(1). (2.5)

Then for all e > 0 and for an arbitrary time interval [0,T] there exists a unique

generalized solution of problem (1.1)—(1.9) and

0*we ow*®
2 2 2 o A€ £\|2
ogltagT/Q (aT‘ ot2 I+ ol ot 7+ ax(l = O =x°)ID(z, wo)] )dx

e (2.6)

[ (0P + ¢+ (1= QXD )P dodt < G,
T
here and in what follows, we denote as Cy any constant independent of 19 and €.
Theorem 2.3. Under the conditions of Theorem[2.2 let
MOZO, O</j/1a To < 00, )\OZOO
{w*,p°} be the weak solution of the problem (L.1)-(1.9) and wi = Eq- (Ws) be an
extension (2.4) from the domain QS onto the domain Q.
€ 2.5, E
Then the sequences {(p®}, {{we}, {(85‘; 1 {Caa%}, {(1 = Ox°p°}, {(1 —
Oxewel, {(1=Q)x° ag":} and {(1 — {)x° aazgg} converge weakly in L2 (Qr) and
Lo(Qr) to the functions p € WQ’O(Q%), w, (v, C%—‘t’, (1 —¢mp) € WQI’O(QT),
(1—Ow, (1 —=vY) and (1 - ) 8‘3(;) respectively as € — 0, and the sequence
{w<} converges strongly in W5°(Qr) to zero as e — 0.

The limiting pressure p and the limiting velocity v of the liquid in the domain
Qo satisfy in Qg for t > 0 the system

ov
TogfaJer:gfe, V-v=0 (2.7)

In the domain 2 for t > 0 limiting functions solve the homogenized system, con-
sisting of the continuity equation

v vl =o, (2.8)

and the homogenized momentum balance equation

t
vl = / B (o5t —7) - (— Vp) (x,7) + oye)dr. (2.9)
0
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The problem is complemented with the continuity conditions

li N(x,t) = li 1), 2.10

x—»xoeéror,l erp (X ) x—»xoesl(?1 xeﬂop(x ) ( )

li (f) 1) - 0y — li 1) - 0 2.11
B I e (G (2.11)

on the common boundary S°, the boundary condition

p(x,t) = p°(t) (2.12)
on the part S§ = S* N Qg of the outer boundary S, the boundary condition
v (x,t) nx)=0 (2.13)

on the part S of the outer boundary S, the boundary condition
) (x,1) = p°(t) (2.14)
on the part Si of the outer boundary S, and homogeneous initial conditions
v(x,0) =0, xe€Qo. (2.15)
In 27)-(2.15), n(x) is a unit normal to S° (or 5?) at x € SO (or S?),

6=mos+(1—m) o m:/ X)dy,
Y

and the symmetric matriz BY) (1o;t) is given by ([@.14) below.

Finally, for the solution v, p, v"), and pY) of the problem [@2.7)([2.15) satisfy
the estimate

0
[ ISR+l + 196P) de
QD
T (2.16)

0

Theorem 2.4. Under the conditions of Theorem let {v(f’k),p(f’k),pk} be a
solution of f with 79 = %

Then the sequence {p(f’k)} converges weakly in WQI’O(QT) to the function p'f),
the sequence {vI'*)Y converges weakly in Lo(Qr) to the function v\F), and the
sequence {p*} converges strongly in WQI’O(Q%) to the function po(x,t) = p°(t)—osxs
as k — oo.

In the domain Q for t > 0 limiting functions solve the homogenized system,
consisting of the continuity equation

v-vliH) =0 (2.17)

ov() i
‘*’/ (7'§|V7t|2 + v 4 |VpD)?) de dt < Co.
Qr

and Darcy’s law

1

v = EIB% (= Vo) + ore), (2.18)

for the liquid component, completed with the boundary conditions (2.13)), (2.14),
and the boundary condition

pY) = po(x,t) (2.19)
on the common boundary S° fort > 0.

The symmetric constant matriz B is given by (5.3]) below.
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3. PROOF OF THEOREM

The proof of this theorem is straightforward and is based on the energy equalities

%/ (aro® %bc DI+ ax(1 = 1 = x)D(w, W (x,1)) 2 de

— xﬁx72x7
+%//<+1 OX)D (e, S (x,7)) Pz (3.1)

IR

3 L (0% T e ) +aA(1—C)(l—XE)ID(%%(XJ))F)W

( ,T)dxdr,

and

2wa
+aﬂ/ / C+(1=¢x°)D(x ,887_2 (x,7))[dzdr (3.2)
. 0?w _
:2/QaT \ |( 0)dx = Iy.

t2

We may use, for example, Galerkin’s method. This method shows that for any
t > 0 and any divergent free function ¢ € W3 (Q), vanishing at x € S?, the equality

82 5
/ aTéaT:;’(x, t) - p(x)dx +/ (CIP’f +(1- C)}P’)(x, t): D(m,cp(x))dac
Q Q
— [ ge-pda
Q
holds. For t =0 Py + (1 — ()P = 0, we have

_0?we e
/Q 0r0° L (x,0) - p(x)idr = /Q 5o p(x)d.

In particular, Galerkin’s method states that 2
in Q. Therefore, for

8t2 “(x,0) is a divergent free function

*w
p(x) = W(X’ 0),

0*we 9 0*w*e
TNE P dr = ) d P
/Qag|8t2<xo>x /ge O (x, 0)da

which implies

32W8 Co

o, 0° x,0)|?dz < —.

| et T b 0P < 28

The above relation and (3.2)) provide an estimate of the time derivative 3;;5 in

25).

To estimate the right-hand side of (3.1]) we use representations
0 =o0r+ (1= =x)(es —¢s), e=—Vus,
integration by parts and the continuity equation (1.1)),

Qf/ e~W€dI:7Qf/(VI3)~WEdI:O.
Q Q
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t
[ e
0 /Q

= —0¢ /Q(Vl'g) -wdz + (05 — 0f) / (1—x%)e-wedx

So,

W

6 1>
BT dxdr

Q
= (0s — 0f) / (1-x%)e-wcdzx.
Q
Next we apply the Holder inequality,
1/2 e 1/2
I< (e on( [ do) ([ 0 =x)iwepan)'
(0s — Qf)2 g / 2
<——9|+ = 1—x%)|w*
210+ 5 [ (1= iwed

and the extension wi = Eq- (WE) (see [T, Appendix B, Lemma B.4.2]) from the
domain Qf onto the domain ) with Friedrichs-Poincaré’s inequality:

I = / (1 - x°)|we[2dz = / (1— x*)|we[2de < C / (1 - x*)| Ve [2dz,
Q Q Q

and Korn’s inequality
[ AP <€ [ (1= ) Dl wh) P
Q Q

= [0 - Ol .
Finally one has
s 2 6
r<le—e)’ o ¢ */ (1= x9)(1 = QI (z, w)[*da,
20 2Jq

which together with (3.2)) prove ([2.6]) for terms, containing in (3.1]) and (3.2]).

The pressure p is estimated as a linear functional ([7, Chapter 3, Theorem 3.1]).

4. PROOF OF THEOREM [2.3]

Here we use the method of two-scale convergence, suggested by Nguetseng [9].
This method states that any bounded in Lo(Qr) sequence {u,} contains two-scale
convergent subsequence {u,, }, such that

| umbetiotet Ddedr— [ ([ Uixty)otty)dy) do
€ Qr Y

T
as € — 0 for any smooth 1-periodic in y function p(x,t,y). The 1-periodic in y
function U(x,t,y) € La(Qr x Y) is called a two-scale limit of the sequence {uy, }.
On the basis of estimates (2.6) and Nguetseng’s theorem we conclude that as
e — 0,
p° — p(x,t) weakly and two-scale in Lo(Q9),
X — pP(x,t)x(y) two-scale in Ly (),

pExE — mp(f)(x, t) weakly in Lo(Qr), m = / x(y)dy,
Yy
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owe

ot
0w Ov :

S = E(X’ t)  weakly in Lo(Qr),

— v weakly in Ly(Qr),

a £
;‘; — V(x,t,y) two-scale in Lo(Qr),
0%we oV
87:; N E(X,t,y) two-scale in Ly (Q7),
ow*® ;
eD(z, ——) — D(y, V(x,t,y)) two-scale in Ly(Qr),

ot
wS — 0 strongly in Wy (Qr).

Moreover,
2 2,0V 5 2
(T0|V| + 75 5 |+ \ID)(y,V)| )dydzdt < Cy, (4.1)
T Y

where Cy is independent of 7.

A general theory says that the two-scale limit usually depends on all variables
x,t, and y. A detailed analysis for the case g = 0 ([7, Chapter 1], [10]) shows that
the two-scale limit of pressures does not depend on the variable y in Q% and has a
special form in Q.

The similar analysis shows that

CV =(v(x,t). (4.2)

In fact, the two-scale limit in (2.1)) as € — 0 with test functions ¢ = o(%)¥(x,1),
where ¢(y) is 1-periodic in y function with supp @9 C Y7, such that V, - ¢o =0
for y € Y and 1 is a smooth function with suppt C Q% results in

/ ((A—Qfe-a)w—pa-vw)dxdtzo,
0o

T

where

oV oV
A:/Tg—~ dy = {(— - .
Yofat ¥o <8t ©o)

Following [7, Appendix B, Lemma B.5.3] for any unit vector a there exists a smooth
function o (y) with supp po C Y7, such that V,, -9 =0 for y € Y and (pg) = a.

Due to arbitrary choice of the test function ¢ and vector a the last identity
means the existence of Vp € Ly(29.) and it may be rewritten as

/ (A—(oye—Vp)-a)ydazdt =0.
Qr

After reintegration with respect to variables (x,¢) we arrive to the integral identity
ov
/ (Toos 5, = es e+ Vp) - pody =0,
Y
which is equivalent to the differential equation

ov
TOQfE(XvLy) = pfe— VP(xa t)

It proves our statement and, at the same time, the first equation in (2.7)).
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Using this fact and the strong convergence of the sequence {a;;i} to zero we

obtain that

owe owe owe

= v t) + (1= Ox(y)V(x,t,y)
two-scale in Ly(Qr) as € — 0, or
Vix,t,y) = Cv(x,t) + (1= Ox(¥)V(xt,y). (4.3)

Thus, V = 0 in Y; and we may apply Friedrichs-Poincaré’s inequality, which to-
gether with (4.1)) imply

/ /|V\2dydmdt<C0/ /|1D>(y,V)|2) dz dt < Cy. (4.4)
T Y T Y

The two-scale limit in (2.1 as ¢ — 0 with test functions ¢ = @o(%)¥(x,t), where
©o(y) is 1-periodic in y function, such that V-9 = 0 for y € Y, and supp o C Y;
and 1) is a smooth function, vanishing at ¢ = T and at S?, results in

/a~V(p0w)dxdt+/ ((Tonaa%—Qfe)-aw—pa~Vw))dxdt
T Q9

owe
ot ¢

(4.5)
ov()
+/ (T()in —ge) -aw+Bl/J—p(f)a~Vw> drdt =0.
Qr ot
Here
a=(go), v'=(Vx), B=um(D(y.V):D(y o))
As before, we conclude that Vp € Ly(Q3.), Vpl) € Loy(Qr):
/ |Vp(x,t)* do dt + / |Vp'H) (x,)|? da dt < Cy, (4.6)
Q9. Qr

hold true the continuity condition ([2.10)) on the common boundary S°, boundary

conditions (2.12)) and ([2.14]) on the outer boundary S, and initial condition (2.15)).
For the function ¢ with a compact support in Qp (4.5) implies the integral

identity
ov f) _
((ro0s ;- + VP = 6e) - po + mD(y, V) : D(y, o)) dy = 0. (4.7)
Yy
The reintegration of this identity results in the differential equation
ov .
mos 5 — mVy Dy, V) = ~V, I -Vp) + je (4.8)

in the domain Yy for £ > 0 and for almost all x € Q.
The term V, II has appeared virtue of the condition V, - ¢9 = 0 on an arbitrary
function g.
To derive the limiting continuity equations we rewrite in its equivalent form
as an integral identity
ow® L Ow® o OWS
/QTvg~ (¢S5 + = Q( -+ (1=x) ) )dedt =0, (49)

which holds true for any smooth function ¢ vanishing at the part S! of the boundary

S.
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The limit in (4.9) as € — 0 results in the integral identity
Ve (Cv+ (1= vD)dadt =0, (4.10)
Qr

which is equivalent to the continuity equation in (2.7)), continuity equation (2.8]),
continuity condition (2.11)) on the common boundary S°, and boundary condition
@-13).

Finally, the limit in (4.9) as ¢ — 0 with test function £ in the form & =
e&o(x,t)€1(%), where & (y) is 1-periodic smooth function and supp &y C Qr, leads
to the integral identity

&o(x,1) (/ Vyéi(y) - V(x,t,y)dy) dedt =0,
Qr Yy

and, consequently, to the differential equation
Vy- V=0 (4.11)

in the domain Y.
The representation (4.3)) and the smoothness of V evidently imply the boundary
condition

V(x,t,y)=0, yE'y:@YfﬂY. (4.12)

To find correctly V we complete differential equations (4.8]) and ( and bound-
ary condition ) with initial condition

V(x,0,y) =0, y € Y;. (4.13)
Problem (4.8)), (4.11))—(4.13]) for 7o = 1 has been solved in [7, Chapter 3, Theorem

3.5]. Therefore, we simply formulate the result.

Lemma 4.1. For almost all x € Q the function v\) = (x V) satisfies equation

(2.9), where
3
B (ro3t) = > ( / v (y,t)dy) @ e, (4.14)
i=1

and ng) , 1 =1,2,3, are solutions to the periodic initial boundary value problem

vy
s g = mVy Dy, V") =V, (y.1) €Y7 x (0.7),

v, - VP =0, (y,t)ey;, t>0,

—_
(=)
=

rongl(f)(y,O) =e;, yeYy,
VW (y,t)=0, y ey, t > 0.

/N /N
Ll
I
co
NN

In (4.14) a® b is a second order tensor, such that
(a®@b)-c=a(b-c)

for any vectors a, b, and c. The estimate (2.16|) follows from (4.1]), (4.4]), and (4.6]).
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5. PROOF OF THEOREM [2.4]

Estimates ([2.16)), (4.4), and (4.6) imply the strong convergence of the

1),
sequence {p*} in W, ?(QY), the weak compactness of the sequence {p(/"*)} in
W, (Qr), the weak compactness of the sequence {v(/"¥)} in Ly(Q7), and the weak
compactness of the sequences {V*} and {V, V*} in Ly(Q7 x Yy).

Let p, pt¥), and v(f) be the limits of above mentioned sequences. First of all
note that in virtue of the continuity condition functions p*, where pF = p*
in Q9 and p* = p/'* in Qr, belongs to WQI’O(QT) and uniformly bounded there
with respect to k. Therefore, the weak limit p of the sequence {p*} in W21 ’O(QT)
coincides with p in Q% and with p) in Qp. It means that these functions p and
pf) still satisfy the continuity condition on the common boundary S° and
boundary conditions and on the outer boundary S.

Now we note that due to strong convergence of {%vk} to zero in Ly(Q29.) the
function p satisfies in Q% hydraulic’s equation

Vp =oye,
which together with the boundary condition (2.12) result in the equality
p=po(x,t) = p°(t) — oy,
and the boundary condition ([2.19)).

We do not know, how to pass to the limit as k — oo in the equation (2.9) to get
Darcy’s law, but we may do it using the integral identity (4.7)), if we rewrite it as

/T/ L e (fk) _ » k
((EQfV ¢ T YV - 0€)) - o + D (y, V) : D(y,soo))dydt =0
o Jy;

(5.1)
with test function (¢) vanishing at ¢ =0 and T = 0.
The limit as k — oo results in integral identities

/OT qp(/yf ((Vp(f) —0e)- o+ w,uﬂD)(y,V) : D(y,g@o))dy)dt =0,

/Y (Vp) = ge) - o + vuD(y, V) : D(y, ¢0))dy = 0,
f

and the differential equation
11Vy -D(y, V) = -V, I - Vp) + je. (5.2)

It is obvious that the continuity equation (4.11)) and boundary condition (4.12) for
functions V¥ will remain valid for the limit function V.
Problem (5.2)), (4.11), and (4.12)) is well-known (see [I0], [7]) and its solution

v} = (x V) is given by (2.18), where
3

3
B= ; ( /Y f VO(y)dy) @ e => (VW) ®e;, (5.3)

i=1

and 1-periodic functions V(i)(y), 1 = 1,2,3, solve the periodic boundary value
problem

1V, -D(y, VD) - vII® = —e,, (5.4)
v-viWh =0, yevy, (5.5)
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v =0, yen. (5.6)
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