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ON THE THEORY OF ANISOTROPIC FLAT ELASTICITY
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ABSTRACT. For the Lamé system from the flat anisotropic theory of elasticity, we introduce gener-
alized double-layer potentials in connection with the function-theory approach. These potentials are
built both for the translation vector (the solution of the Lamé system) and for the adjoint vector
functions describing the stress tensor. The integral representation of these solutions is obtained using
the potentials. As a corollary, the first and the second boundary-value problems in various spaces
(Holder, Hardy, and the class of functions just continuous in a closed domain) are reduced to the
equivalent system of the Fredholm boundary equations in corresponding spaces. Note that such an ap-
proach was developed in [19, 20] for common second-order elliptic systems with constant (higher-order
only) coefficients. However, due to important applications, it makes sense to consider this approach
in detail directly for the Lamé system. To illustrate these results, in the last two sections we consider
the Dirichlet problem with piecewise-constant Lamé coefficients when contact conditions are given on
the boundary between two media. This problem is reduced to the equivalent system of the Fredholm
boundary equations. The smoothness of kernels of the obtained integral operators is investigated in
detail depending on the smoothness of the boundary contours.
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1. Lamé System

Consider the Lamé system [10, 11]

02 o2 02
alla—;—k(alg—i-agl)w;;—i—agg—u =0 (1.1)

Translated from Sovremennaya Matematika. Fundamental'nye Napravleniya (Contemporary Mathematics.
Fundamental Directions), Vol. 60, Proceedings of the Seventh International Conference on Differential and
Functional Differential Equations and International Workshop “Spatio-Temporal Dynamical Systems” (Moscow,
Russia, 22-29 August, 2014). Part 3, 2016.
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The elements «; of matrix coefficients, called elasticity moduli, obey the requirement of positive
definiteness of the matrix
a1 G4 Qg
a=| ag as a5 |. (1.2)
o Q5 O3

It is convenient to introduce in addition to this matrix its adjugate § = o, written in the same form:

B1 Bs Bs B = asaz — o B2 = arag — a2,
B=1| Bs B2 B5 |, B3 =aiaz —ai By = asag — asay, (1.3)
Be Bs B3 Bs = agos — a5, B = auas — anag.

Then the Sylvester criterium of positive definiteness of the matrix o can be expressed by the inequalities
deta>0and o; >0, 3; >0,1<¢<3.

We form a block matrix a = (a;;)? from the Lamé coefficients. Then it can be directly seen from (1.2)
that for any n € R* the following equality holds:

(am)n = (eam), 1= (n1,n4,m2 + 13), (1.4)

with respect to scalar products of vectors in R* and R3. In particular, for any nonzero A = (A1, A2) € R?
and ¢ € R? forming the vector n = (A&, \2€) we have the relation

P
Z aiididj | €] & = (am)n.

i,j=1

Thus vanishing of the left-hand side implies 7 = 0 or, equivalently, £ = 0. Hence the matrix on the
left-hand side of this expression is positive definite:

2
Z aij)\i)\j >0 (15)
i=1

and therefore the Lamé system (1.1) is strongly elliptic.
Consider the matrix trinomial p(z) = a11 + (a12 +a21 )z +ae2? of system (1.1), which is a symmetric
matrix
p1(2) = o1 + 2062 + agz?,
> . p2(2) = az + 2052 + agz?, (1.6)

2

D= < P Pp3
p3(2) = ag + (a3 + aq)z + asz”.

b3 P2

By (1.5) the determinant detp(t) > 0 for ¢ € R, i.e., the characteristic polynomial of the fourth order
X = detp(z) of the Lamé system has no real roots. Accordingly, in the upper half-plane it has two
roots vy, 1o, such that two cases are possible, where (i) v; # v and (ii) v1 = v = v. In the sequel
the main role belongs not to these roots as such, but to their symmetric combinations

s=uv|+19, t=u1v11m. (1.7)

In the case (#) of multiple roots they take values s = 2v and t = v/2.

With notation (1.3), (1.6) the characteristic polynomial x = p1ps — p3 can be written in the form
X(2) = B2 — 2852 + (B3 + 2B4)2” — 262" + Pr2*. (1.8)
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It is not difficult to describe the conditions on its coefficients that ensure the case (ii) of multiple
roots. In this case one must have

X(2) = Pi(z =)’ (z =), (2= v)(z =7) = do + 01z + 2%,

where 62 < 40q. Equalizing the coefficients at the same powers of z, we obtain the equations

502@ 5= _ B
B’ B1 V152

for coefficients ¢; and relations

B2 < 4B3, Bs=Bs\/B/Br, BZ+263 = Pa(Bs + 264), (1.9)

that are necessary and sufficient for the multiplicity of the roots of the characteristic polynomial. In
this case according to (1.9) we have the expression

281v = f3g +2'\/4ﬁ1\/ B1B2 — B2 (1.10)

for the root v.

In the class A of positive definite matrices of the form (1.2) we define subsets A; and Ay, by the
condition of linear independence of the polynomials ps, p3 and p1, ps that appear in (1.6), respectively.
Evidently, the complements of these subsets can be described by the conditions

a ¢ Al & azas = agag, ao(ag +ay) = 202 & x(v) = pa(v) =0, (L.11)

a ¢ Ay & ajas = azap, ar(as +ag) =202 & x(v) =p1(v) =0 '
for one of the roots v of the characteristic equation. The second equivalence follows from the fact that
X = p1p2 — p3. Therefore equalities p;(v) = p3(v) = 0 for one of the values j = 1,2 are equivalent to
the linear dependence of the polynomials p; and ps.

Note that

a% < ajag for aé¢ A;NAs. (1.12)

In fact, let, e.g., the conditions @ ¢ A; in (1.11) hold. Then 20902 = a3(az + au), 2002 =
araz(as+aq). Substituting these expressions into the formula of the determinant of the matrix (1.2),
we get

2det o = (g — a3)(az — ay) > 0.
It remains to note that the inequalities ajao — ag < 0 and a3 < a4 contradict the inequality
a1 — aﬁ > 0. The case a ¢ Aj is considered in a similar way.

We also introduce the class Ay of matrices «, for which p3 = 0, ie., a3+ as = a5 = ag = 0.
Obviously, this class does not intersect the sets A; and Ay. From (1.12) it easily follows that

A=AgUA; U As. (1.13)
In fact, let o ¢ Ay U As, so that the respective conditions in (1.11) hold simultaneously. Then the
first equalities (1.11) imply asag(aiaz — a3) = 0, so that due to (1.12) one must have asag = 0.
By (1.11), this implies a € Ap.
Similar arguments show that the matrix p(v) is distinct from the zero one for all v:
p(v) #0, veC. (1.14)

In fact, if p(v) = 0, then Imv # 0 and o ¢ A; for both values j = 1,2. Therefore o € Ay, but in
this case the polynomials p; and py are linearly independent.
In the cases where a belongs to one of the exceptional sets Ay and A\ A;, j = 1,2, the roots v;
of the characteristic equation can be calculated explicitly by means of quadratic equations.
For a € Ay the Lamé system becomes diagonal, i.e., it dissolves into two equations
82U1 82U1 8211,2 82UQ

Q1W+a38—:y2207 agw—'—aga—fzo.
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In this case x = p1p2 and one can consider p;(v;) = 0 or, in the explicit form,

VF_ ivgg (1.15)

In the case o ¢ A; the roots of the characteristic equation can be found from the equations
(a3p1 — a3p2)(11) = 0, pa(10) =0, ¢ As;

p1(v1) =0, (adpe —a2p1)(1n) =0, a¢ As. (1.16)

In fact, let, for example, a ¢ A;. Then agps — asps = 0 and we have the equality a%x = (a%pl —
a2p2)pa.

The case o ¢ Ay ca be considered in a similar way. Note that the numbering of roots used in (1.16)
agrees with the case a € Ay in (1.15).

In all three mentioned cases the roots v; are distinct. In the case (1.15) this fact follows from (1.12).
If these roots coincide in case (1.16), then p;(v) = p2(v) = 0 and hence p(v) = 0, which contra-
dicts (1.14). In particular, in the situation with a multiple root the matrix a necessarily belongs to
A N As.

Let us agree to call the nonzero vector x € C? an eigenvector of the polynomial p corresponding to
the root v the characteristic equation if p(v)z = 0 and an adjoined vector if p(v)x +p'(v)y = 0, where

p(v)y =0 and p'(v)y # 0.
Lemma 1.1.

(a) Let the roots v; be distinct. Then there exists a base e = {e1,ea} of the space C* consisting of
eigenvectors, e.g., p(vj)e; = 0, j = 1,2. Any other base € of this type is linked with e by the
relation €; = Aje;, j = 1,2.

(b) Let the root v be multiple. Then there exists a base e = {e1,ea} consisting of an eigenvector
and an adjoined vector, i.e.,

p(v)er =0, p(v)ex +p'(v)er = 0. (1.17)
Any other base € of this type is linked with e by the relation €1 = Aea, €3 = Aeg + Ager, A # 0.
Proof.
(a) By (1.14) the spaces {z € C?, p(v;)z =0}, j = 1,2, are one-dimensional; therefore it suffices to
check that for a nonzero vector € C2 the simultaneous equalities p(;)x = p(vo)x = 0 are impossible.
In fact, suppose that such a vector z = (z1,z2) does exist. Then necessarily z1zo # 0, since
the polynomials p; and ps cannot have both numbers v; as their roots. Thus one can consider that
x1 =1, g = A. Then the inequality p(vj)x = 0 reduces to two scalar equalities (p1 + Aps)(v;) = 0,
(p3 + Ap2)(vj) = 0. Therefore the polynomials p; + Ap3 and p3 + Ap2 have the polynomial ¢(z) =
(z —v1)(z — 12) as a divisor, so that

P1+Aps =c1q, p3+ Ap2 = c2q
with some factors ¢; € C. Since the coefficients of the polynomials p; are real, hence we have
p1+Ap3 =g, p3+ Ap2 =,

where G(z) = (2 — 71)(2 — 72). Since a quadratic trinomial with real coefficients cannot be a multiple
of g, the number A is not real. Therefore from these systems one can express the polynomials p; as
a function of ¢, g by the formulas p; = d;q + E]ﬁ, 1 < j < 3, with respective coefficients d; € C. In
particular,

— — — _ — = —2 o
pip2 — p3 = (didy — d3)q* + (dvdy + dydy — 2d3ds)qq + (dida — d3)g°
On he other hand, by (1.6) in our notation

p1p2 —pg =cqq, C=ag03— ag > 0.
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Hence one must have didy — d% = 0 and 2Re(d1ds) — 2d3ds = ¢ (otherwise the polynomial > has ¢
as a divisor, which is impossible). But then ¢ = 2[Re(d1ds) — |d1da]|], which contradict the inequality
c> 0.

(b) First of all, show that the simultaneous equalities p(v)z = p/(v)xz = 0 are impossible for any
nonzero vector x € C. In fact, suppose that such a vector x = (x1,x2) does exist. Then necessarily
x1x9 # 0, since for real polynomials p; the equalities p;(v) = p;-(V) = 0 are impossible. As in the case
of distinct roots, we arrive at the relations

p1+ Ap3 = c1q, p3+ Ap2 = caq,

where ¢(z) = (2 — v)2. The further arguments are similar to those from the proof of item a).
Thus any pair of nonzero vectors ey, ey with property (1.17) is a base. The existence of such a pair
will be shown below in Lemma 1.2.
It remains to establish the connection between two bases e and é that satisfy (1.17). Obviously,
€1 = Ae1, A #0, and é; = A\ge; + Nea, N # 0. Therefore
p(v)é +p'(v)ér = Np(v)ez + X' (v)er = 0.

Subtracting form this equality the second equality (1.17) multiplied by X', we obtain (A—X)p/(v)e; = 0,
hence, X' = \. O

Consider the adjoined matrix of p

Pt = ( b2 —p3 > (1.18)

—P3 P1

Lemma 1.2.

(¢) In the case of distinct roots for o € Ay, k = 1,2, the condition p(vj)e; = 0 of proposition a)
of Lemma 1.1 is satisfied by the k-th column e; = pz‘k)(l/j). If o ¢ Ay, then in notation (1.16)
one can put e; = p’(“j)(yj). Respectively, in the case a ¢ Ay one can similarly put e; = p’(“l)(zjg),
€2 = Py (V1)

(73) In the case of a multiple root the matriz o € Ay N Ag and the condition (1.17) is satisfied by
the vectors e; = p’(kk)(u) and eg = (p*)’(k)(l/) for any value k = 1,2, where the prime denotes the

derivative of the matriz (1.18).

Proof. Prove the statement for each of the cases (i) and (ii) separately.
(7). We make use of the obvious relation

p(2)p"(2) = x(2), (1.19)
where x on the right-hand side denotes a scalar matrix. This relation implies that p(uj)pz‘k)(yj) =0
for any value k = 1,2. In other words, if the column pz‘k)(yj)of the matrix p*(v;) is nonzero, then it
is an eigenvector corresponding to v;. By (1.18), for k = 1 ( k = 2) it can be zero only if a ¢ A,
(¢ Ay). Hence, taking into account Lemma 1.1, we immediately obtain the first assertion of the
lemma.

(1). Since by hypothesis x(v) = x'(v) = 0, we have
p(W)p*(v) = p)(p*)' (v) + p'(W)p" (v) = 0.
Therefore the vectors e; = pz‘k)(y) and ey = (p*)’(k)(y) satisfy (1.17). Since, as we have noted before,

in the considered case of the multiple root v the matrix « belongs to A; N As, these vectors are
NONZero. O

An elastic medium is called orthotropic if

a5 = g = 0. (1.20)
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In this case the coordinate axes are the axes of symmetry of the elastic medium, and we have simpler
expressions

p1(2) = a1 + a32?, pa(2) = az + aw2?, p3(2) = (a3 + ay)z (1.21)

for polynomials (1.6). In particular, in an orthotropic medium one has either a € A1 N As or a € Ap.

From (1.21) it follows that the characteristic equation p1ps — p% = 0 is biquadratic and its roots v
in the upper half-plane can be expressed explicitly. For this purpose we introduce positive quantities
p and pg by the formulas

2
a1 arag — aj + 2a3(y/aroe — ay)
= [ = 1 20sly . (1.22)
a9 Qo203

The positivity of the expression on the right-hand side of the second equality follows from the condition
a? < ajag. For the same reason, the quantity

(Voraz — au)(y/aras — s — 2a3) (1.23)

Q203

po —4p° =

has the same sign as \/ajas — ag — 2as3.
In this notation for the roots v we have formulas

2 2
. -2
Vi = ipeiw, 20 = arccos |:4p02 2p :| 5 if po < 207
p

2 2
-2
vig =iperT, 21 = arcch [%] , if po > 2p, (1.24)

vy = vy =1ip, it pg = 2p.
In fact, let § denote the expression in square brackets (1.24), so that p3 = 2(6 + 1)p?. Then
p1(2)p2(2) — p3(2) = anas(p* + 20p°2" + 2*).

Therefore, v? = —p?(§ + /62 — 1), which after elementary transformations results in (1.24).

Note that the case a € Ay of a diagonalizable Lamé system corresponds to the first equality in (1.20),
and in this case the expressions for the roots v; coincide with (1.14). The case (i7) of multiple roots
corresponds to the last equality in (1.24). Note that this fact agrees with the criterion (1.9), (1.10) of
multiple roots.

It is easy to see that independently of the three possible cases in (1.24) we have the same expressions

s=ipg, t = —p° (1.25)

for the sum and product (1.7) of the roots.
An orthotropic medium is called isotropic if, in addition to (1.20), the following relations hold:

a] = ao = 2a3 + ay. (1.26)
Together with the inequality ai < ajao this implies that a; > ag, so that the quantity

P i BT (1.27)
a1 — Qg

It is easy to see that in the case under consideration the characteristic equation has a multiple root
vV =1.

489



2. Representation of Solutions of the Lamé System

In accordance with two cases (i) and (ii) of the roots of the characteristic equation introduce the

matrices 0 < 161 IE)Q >, (i) J = ( g i > ' (2.1)

We relate to this matrix an elliptic system of the first order of the special form

06 _ 00
y ox
for J = i it corresponds to the Cauchy—Riemann system, which defines analytic functions. For this
reason, the solutions ¢ = (¢1, ¢2) of this system are called J-analytic functions.

In the studies of boundary value problems of flat elasticity by classical methods one can find two
main trends. The first one consists in using analytic functions similarly to Kolosov—Muskhelishvili
formulas [12] in the isotropic case. This trend is present in the papers by Lekhnitsky, Savin, Mikhlin,
etc. (see, e.g., [5, 11, 12]). The other one consists in application of solutions of some elliptic systems
of the first order instead of analytic functions (see, e.g., [2, 3, 7]). The approach considered below is
adjacent to this trend and based on system (2.2), more exactly, on the representation of the general
solution of the Lamé system by J-analytic functions. This representation itself is based on the following
structural lemma.

(2.2)

Lemma 2.1. There exists an invertible matriz b € C2*2 such that
a11b + (CL12 + agl)bJ + a22bJ2 =0, (2.3)

and any other matriz b with the same properties is related to b by the equality b = bd with some
invertible matriz d that commutes with J.
Equality (2.3) is equivalent to the relation

AB = Bdiag(J,J) (2.4)
for block matrices B
0 1 b b
4= (mm ) 2=(0r ) @9
where we put ag = —a2_21a11, a1 = —a2_21(a12 + ag1). Here the matrix B is invertible.

Proof. From (2.1) one can see that for any matrix b € C?*2 in case (i) of distinct roots for the j-th
column we have relations (bJ)(j) = v;b(jy, (bJ%)) = szb(j) and therefore

(a11 + (@12 + a21)bJ + a22bJ2)(j) =p(v)byy (1 =1,2).
Similarly in case (i7) of a multiple root
b)) =vbay, (b)) = ba) + vbea),
(bJQ)(l) = Uzb(l), (sz)(g) = 2ubg) + 1/2b(2),

whence one has )
(a11 + (@12 + a21)bJ + axbJ?)q) = p(v)by),

(a11 + (a12 + a21)bJ + a22bJ2)(2) = p(l/)b(g) —|—p,(1/)b(1).
Therefore, choosing the vectors e; of Lemma 1.1 as columns b(;), we arrive at the validity of the first
part of the Lemma. One must just take into consideration that the matrices d that commute with J

have the form
N, [ di O .. _( dv do
(z)d—<0 d2>’ (zz)J-(O d1>' (2.6)

The equivalence of relations (2.3) and (2.4) is obvious, therefore it remains to establish the invert-
ibility of the matrix B.
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Consider the invertible matrix B; that takes A to the Jordan form. Since the matrix A is real, the
Jordan matrix can be chosen in the form diag(.Ji, J1), where the eigenvalues of the matrix J; lie in
the upper half-plane and this matrix is either diagonal or a Jordan block. Accordingly, B; can be
reduced to the block structure

by by
By = = .
' < ba by )

AB1 = Bldiag(Jl,Tl). (27)

Thus,

Due to the obvious identity

(z—x‘U(é i>:<—zo z2—a(1)z—ao>

the eigenvalues of the matrix A in the upper half-plane coincide with the roots of the characteristic
equation det p(z) = 0. Therefore either J; = J, or the matrix J; is scalar: J; = v. We show that the
second case is impossible. In fact, if J; = v, then there exist two linearly independent eigenvectors
n,7 € C* of the matrix A that correspond to the eigenvalue v. But then the form (2.5) of this matrix
implies that n = (11, 72), where the vectors n; € C? satisfy the relations 7o = vny, p(v)m = 0 and the
vector 7) possesses a similar property. But then the vectors n; and 71, and therefore also the vectors
7,7 must be linearly dependent, which contradicts our assumption.

Thus, the matrix J; = J and (2.4) implies that by = b;J and the matrix b; satisfies (2.3). Passing
to the columns of these matrices, as in the proof of Lemma 1.1, we see that b = bd with some matrix
d that commutes with J. But then B; = Bdiag(d,d), whence det By = det B|det d|?>. Therefore the
matrices B and d are invertible, which completes the proof of the Lemma. O

We turn to system (2.2) in some domain D of the complex plain. We will denote the partial
derivatives of its solutions as

0 0
/ et J / = -
Then if we relate the matrix
zg=x+yJ (2.8)
to the complex number z = x + iy, we can write
0¢ 0¢ /
—d —dy=d .
oz T oy 4 219

In particular, the function ¢ can be restored from its derivative 1) = ¢ by the curvilinear integral

z

6(2) = d(z0) + / dt (1) (2.9)

20

along some smooth arc joining the points z and zy in the domain D.

Conversely, if a J-analytic function v is given, this formula defines a J-analytic function ¢ such that
its derivative coincides with 1. If the domain D is simply connected, this formula defines a single-
valued function. But in the case of a multiply connected domain, generally speaking, ¢ is multivalued
and can admit nonzero increments while tracing the connected components of the boundary 0D. In
the sequel we understand under multivalued functions such ones, which have single-valued derivatives.

Theorem 2.1. In the notation of Lemma 2.1 any solution u of the Lamé system (1.1) in the domain
D can be represented in the form

u = Rebo, (2.10)
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with some (generally multivalued) J-analytic function ¢ in this domain, and its derivative ¢' can be
restored from the gradient grad u of this solution by the formula

au 8’LL d1 d2 —
'=2(dy o+ dy—— — - |=B7" 2.11
Qb < 1 O + d2 8y ) dl d2 ( )
Proof. In notation (2.5) with respect to the vector U = grad u system (1.1) can be written as a first

order one

U _ 49U _
dy Oz
By (2.4), with respect to V' = B~'U this system passes into

ov -V

— —diag(J,J)—=— = 0.

ay lag( ) )8$
Since the vector U is real, the vector V = B~!grad u has a block structure (1,), so that the function
¥ is J-analytic and

0.

gradu = BV, V = (¢,1). (2.12)
Thus according to the form (2.5) of the matrix B we have
N o Reby, 2%~ 9RebJy.
ox oy

Hence, similarly to (2.9), we arrive at the equality
u=Rebp+ ¢, €eR?

where the J-analytic function ¢ has a derivative ¢/ = 1. Due to the invertibility of the matrix B there
exists a vector n € C? such that Rebn = &. Therefore, denoting ¢ + n by ¢ again, we finally arrive at
representation (2.10).

As for equality (2.11), it is equivalent to (2.12) with respect to 1 = ¢'. O

Theorem 2.1 can be complemented by a representation formula for the stress tensor

o1 O
03 02

Recall that the vector u = (uq1,uz) characterizes the shift vector; it is related to the columns a(1), 0(2)
of the stress tensor by the equalities

ou ou |
o) :aﬂ%—FaiQa—y, 1 =1,2, (2.13)

that form the content of Hooke’s law.
In the absence of mass forces the matrix o satisfies equilibrium equations
80'(1) 80’(2)

o oy

which together with (2.13) result in the Lamé system.
The columns of the tensor can be conveniently described as the partial derivatives of the so-called
adjoint function v. The latter is defined by the relation

@ . ( ou 8u> Ov ou ou

- -~ I - — 2.14
o as + ao9 ai + a1z ( )

ox oy oy oz oy
Writing (1.1) in the form

2a%—l—a@—l—gcl@—l—a%—0
or \ "oz 128y Oy o 228y S
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we see that the necessary condition of the existence of the function v holds. Therefore up to an
additive constant & € R! it is uniquely defined in each simply connected subdomain Dy C D. In the
whole domain this function can be multivalued and admit bifurcations while encircling the connected
components of the boundary 9D.

If the adjoint function v is constant, then (2.14) is a homogeneous system with respect to the
gradient vector n; therefore, due to (1.4) we have

8U1 . 8U1 % . 811,2

or 0y ox oy

identically in the domain D. Evidently, these relations are equivalent to

u(z,y) = A — Aoy,  u2(x,y) = A1 + Aoz (2.15)

with some \; € R. We will call solutions of this type trivial, they correspond to translation of the
elastic medium as a whole.
From (2.13), (2.14) we reach the expressions
v v
- =___ 2.16
W =g, O e (2.16)

for the columns of the stress tensor.

Theorem 2.2. Under the hypotheses of Theorem 2.1 the adjoint function of the solution (2.10) of the
Lamé system is representable as

v=Recp, c=—(azb+ axbl). (2.17)
In this case v is constant if and only if the derivative ¢’ is constant in this representation.

Proof. Differentiating (2.10) and substituting the result into (2.14), we get
ov ov

8_95 = — Re(aglb + a22bJ)¢/, 8_y = Re(allb + alng)(;S'. (2.18)
By (2.11), for the matrix ¢ in (2.17) we have the relation a11b + aj2bJ = ¢J, so that
% = Recd/, g—: = RecJ¢ .

As in the proof of Theorem 2.1, we arrive at (2.17).
If the function v is constant in the representation (2.17), as we have mentioned above, the solution
u of the Lamé system is trivial and has the form (2.15). Together with (2.10) this leads to a system

Rebp' =€, Recd =0
with a vector £ = (0, \g) € R%2. By Lemma 2.1, the matrix

(0 0)= (ot o) (o 57 219)

is invertible, so that the previous system yields a constant vector ¢'. O

By Lemma 1.2 it is easy to give explicit expressions for the matrices b and ¢ mentioned in Theo-
rems 2.1, 2.2. We introduce these expressions separately for each of the three cases where the matrix
« belongs to different subsets of (1.13). For this purpose, in the notation (1.3) we introduce the
polynomials

q0(z) = Bs — B3z + Bs2>, _
q1(z) = B2 — Bsz + Pa?, qggzg = 22(2), (2.20)
42(2) = B — Boz + pr22, W T D '
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We can directly check that
p2(2)  —ps(2) > ( —a3(2) —qu(2) >
- + = . 2.21
o) (220 G i) ) 221
Lemma 2.2. In the case (i) of distinct roots we can set

- ( p2(1)  p2(v2) >7 . < —q3(v1) —qs(v2) >7 oA,

—p3(v1) —p3(r2) q2(v1) q2(v2)

2.22
b— ( —p3(v1)  —ps(v2) > o— < —q(v1) —qi(v2) > ae Ay (222)
pi(v1)  pi(v2) )7 qa(v1)  qu(e) )’ ’
B B —1i/a1a3 —aQg
b=1, c-( s _Z.\/m>,a6.,40. (2.23)
In the case (ii) of a multiple root we can set
p2(v)  py(v) > < —gs(v) —qs(v) >
(e 250 )= () 5 (229
In all cases the matriz c is invertible and representable in the form
¢ = cod, (2.25)

where

(i) co=<‘1”1 ‘1”2>, (i) Co=<_1y ‘01>

and the matriz d commutes with J.

Proof. Expressions (2.22) and (2.24) for the matrix b follow directly from Lemma 1.2. The fact that
for o € Ap the matrix b = 1 satisfies (2.3) can be checked directly due to (1.15).

In case (i) for the columns of the matrix ¢ in (2.17) we have the expressions c(;) = — (a1 +a22v;)b;)-
Substituting here the columns of the matrix b from (2.22) and using relation (2.20), we obtain the
respective expressions for the matrices c¢. Equality (2.23) for ¢ can be checked directly.

Similarly, in case (ii) the relations

cy = —(a21 + av)byy, ¢y = —(a21 + a2v)bm) — azb),

together with (2.20) and with the expression (2.24) for b yield the desired result.
It remains to establish the second part of the Lemma. By (1.15) for the matrix ¢ in (2.23) we can

write
= —UV1 —U9 Qa3 0
o 1 1 0 —’L',/OéQOég ’

therefore it suffices to consider the cases o € A;j, j =1,2.
In notation (2.20) polynomial (1.8) can be written in the form

X(2) = q1(2) — 2q0(2) + 22q2(2) = q1(2) — 2qu(2). (2.26)
In particular, ¢;(v) = vqa(v) for x(v) = 0. Therefore, in the case of distinct roots v; matrix ¢ in (2.22)
can be written in the form, respectively,

o < —11/1 —11/2 > ( _p20(1/1) —pgo(l/g) >’ a € A,

C:<—11/1 —11/2><p41/1 > 0 c Ay
(

If the rootv is multiple, then o € A; N Ay and the matrlx ¢ in (2.24) can be represented in the form

() )

and
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Therefore it suffices to check that
X)) =q@v)=0=a¢ A,

(2.27)
XW)=quv)=0=a¢ As.

The first three equalities in (2.20) with respect to the vectors ¢ = (g2, q1,q0) and e = (22,1, —z) can

be written in the form ¢ = Be. In particular, the vector ¢(z) # 0 for any z. Since 8 = (det a)a™!, one

has (det a)e = agq, or, in the explicit form,

(det a)2? = a1g2 + cuq1 + 4o,
(det o) = auga + aq1 + asqo,
—(det @)z = agq2 + asq1 + a3qo.

In particular, the polynomials g; are linked by two relations

(az + ag)q2 + (aoz + as)q1 + (as5z + az)ge = 0, (2.28)
(62 + a1)go + (asz + ag)q + (32 4 ag)ga = 0. ’

Now suppose that x(v) = g2(v) = 0. Then by (2.26) we must have ¢i1(v) = vqo(v), qo(v) # 0.
Therefore due to (1.6) for z = v the left-hand side of the first equality (2.28) coincides with pa(v)go(v).
Thus p2(v) = 0, and from (1.11) follows (2.27).

The argument for the second case is similar. If x(v) = q4(rv) = 0, then by (2.26) one must have
¢1(v) =0 and qo(v) = vq2(v), q2(v) # 0. Therefore from (1.6) and from the second equality (2.28),
it follows that p;(r) = 0, which means the linear dependence of the polynomials p; and ps. O

By Theorem 2.2, the space of J-analytic functions ¢ such that the real function v = Rec¢ is the
identical zero is three-dimensional and consists of polynomials

o(z) =no+ zym, Reeng =0, Reeny =Recdn =0. (2.29)
This fact can be specified to some extent.

Lemma 2.3. The space {n € C? | Recn = RecJn = 0} is the one-dimensional hull of the vector e
defined by the system

ce =i€Y, cJe = i€l (2.30)
where in the notation of (1.7) the vectors ¥ € R? (k = 0,1) are defined by equalities
= (—=Imt,Ims), &'=(—Im(5t),Imt).

In particular, in formula (2.29) one can set n1 = Ae, X € R.
Simultaneous equalities Re cn = RecJn = RecJ?n = 0 are possible only for n = 0.

Proof. By (2.25), the operation n — dn takes the subspace X,, C C? defined by the conditions
RecJkn = 0, 0 < k < n, to a similar space corresponding to ¢o. In the case ¢ = ¢y equalities
dim X; = 1 and dim X3 = 0 can be checked directly.

Further we note that the system of equations (2.30) is solvable if and only if one has

(cJeh)e0 = ¢l (2.31)
But by (2.25) in both cases (i) and (i) the matrix

1 1 S t
cJc " =coJcy = < 1 0>,

and equality (2.31) for the vectors £¥ under consideration can be checked directly. O
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Consider system (2.1), (2.2) in more detail. If the roots v; are distinct, then this system reduces
into two scalar equations
00 _, 0,
oy ox
which pass into the Cauchy-Riemann equation in the variables & + iy = x + v;y. Therefore the
substitution
(bj(xay) =¢j(x+ij)a J=12, (2.32)
defines analytic functions v; in the domains D(v;) = {Z = z + v;y, z € D}.
A direct check shows that in the case of a multiple root v the substitution

P12, y) = 1 (x4 vy) + yi(x +vy), ¢a(r,y) = Yoz + vy) (2:33)

is one-to-one between the J-analytic vector function ¢ and the vector function 1, which is analytic in
the domain D(v). The inverse transform is given by a similar formula

Y1z +vy) = g1z, y) — ydo(e,y), Yoz +vy) = ¢a(z,y).

It is worth noting that in the case where the domain D is the upper half-plane the function v is
also defined in the same half-plane.

Substitution of formulas (2.32), (2.33) into (2.10), (2.17) together with (2.13) leads to classical
representations of the shift vector and the stress tensor by means of a pair of analytic functions. In
the case of multiple roots the derivative of one of the functions also enters this representation. It is
well known [11, 12] that this circumstance somewhat interferes with the use of these representations
in the study of boundary value problems.

As an illustration we discuss the connection between representations (2.12), (2.15) for an isotropic
medium and the classical Kolosov—Muskhelishvili formulas expressing the shift vector v and the stress
tensor ¢ by analytic functions. According to Section 1 in this case we have a multiple root v = ¢ and
the matrix J is a Jordan block, while the matrices b and ¢ are given by formulas (2.24).

By (1.20), (1.26) these formulas yield the equalities

h— a3 — 20&1’i c =% (Oq — Oég)’i 20&1 — Q3
o (043 — Oq)’i a3 — (1 ’ o 3 a3 — Oq’i )

By Lemma 2.1, one can take as b and ¢ the matrices obtained from the multiplication of these
equalities from the right by the matrix

)l
d=(az —ay) ! < (1) 2an (s 1 o) >

After elementary calculations we finally arrive at the formulas

b= ( 1 _0% > c:a3< _2% Z.(era) > (2.34)

with a positive constant s from (1.27).
With these matrices written component-wise representation (2.10) takes the form

Uy = Re gbl, U9 = Re(i¢1 — %qbQ). (2.35)

Substituting the expression (2.34) of the matrix ¢ into (2.17), for the elements of the matrix ¢ in (2.16)

we obtain the representations
o1 = Re[2¢] + (5 — 3)¢%],
oy = —Re[2¢] +i(5c+ 1)¢h], (2.36)
03 = Re[2id) — (52 — 1)¢h)
of the components of the stress tensor. It is worth noting that the matrix ¢ possesses the property

(cJ)or = —c1k, and therefore the equality which defines o3 enters the component-wise notation (2.35)
twice.
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Substituting (2.33) into (2.34), (2.36), we arrive at the representation
ur = Re[yr +yis], uz = Reli(r + 1)) — set)o)

of the components of the shift vector and
o1 = agRe[2(¢] + yvy) + (3 — 3)),
03 = —agRe[2(¢] + yi) + (> + 1)h],
o3 = az Re[2i(¢y + yiy) — (3 — 1))

of the elements of the stress tensor by a pair of analytic functions 1, 15 of the same variable z.
With the help of a linear substitution

X1(2) = —itha(2), x2(2) = —201(2) + izetba(2) + i2ey(2)

these representations can be rewritten in the form of the equalities

2(ur — dug)(2) = sex1(2) — 2x1(2) — x2(2),
(01 +02)(2) = dazRex)(2), (02 — o1+ 2i03)(2) = 2a3[2x7 (2) + X1 ()],
i.e., of the classical Kolosov—Muskhelishvili formulas [12].

3. Analytic Functions According to Douglis

Let a domain D be bounded by a smooth contour I', which is positively oriented with respect to
D. This domain can be either finite (i.e., lies inside some disk) or infinite (i.e., contains the exterior
of some disk and therefore be a neighborhood of the infinite point oo on the plane). It is convenient
to denote these two possible cases for brevity o(D) =1 and o(D) = 0, respectively.

Consider in the domain D system (2.2) with an arbitrary matrix J € C'*! such that all its eigenvalues
lie in the upper half-plane. In the case where J is a Hankel matrix, this system was studied by
Douglis [4] in the framework of hypercomplex numbers. It is convenient to relate the complex number
z = ¢ + 1y to the matrix

zg =zl +yJ, (3.1)
where x = x1 is a scalar matrix. Since the eigenvalues of J lie in the upper half-plane, for z # 0 this
matrix is invertible. Recall that the solutions ¢ of system (2.2) were called J-analytic functions. The
introduction of this term is motivated by the fact that these solutions can be described as functions
of the class C'(D) that admit at each point z € D the generalized derivative

¢ (2) = lim(t — 2) ;7 [é(t) — ¢(2)],

which coincides with the partial derivative in x. In the case o(D) = 0 of an unbounded domain we
add to this definition the condition that ¢ should be bounded at co. In the sequel we will see that in
this case ¢ has a limit ¢(c0) = lim ¢(2) as z — oco. In general, we will say that ¢ has the order k € Z
at oo if the function |z|7¥¢(2) is bounded in a neighborhood of oo.

Let the [-vector function ¢ € C'!(D) satisfy system (2.2) in the domain D and in the case o(D) = 0
let it have the order —2 at infinity. Then, integrating equality (2.2) and using Green’s formula, we
will obtain the equality

/ dtjot(t) =0, (3.2)
r
which plays the role of the Cauchy Theorem. Here the matrix differential is defined similarly to (3.1)
and acts on the vector ¢+ by the usual rule and therefore stands before the vector. As in the case of
classical analytic functions, one can deduce the Cauchy Formula

1 ¢(z), z€D,

- <t—z>;1dtm+<t>:{ el (33)

T
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where D = C \ D and it is assumed in addition that in the case o(D) = 0 the function ¢ has the order
—1 at infinity. This formula, in particular, implies that ¢ € C°°(D). Denoting by ) the consecutive
partial derivatives in z, due to (2.2) we have expressions

O
8$k—88y8

for the other partial derivatives. The Cauchy Formula also implies that a J-analytic function on the
whole plane that vanishes at infinity is the identical zero. As for usual analytic functions, formu-
las (3.2), (3.3) easily imply the following proposition on analytic continuation.

Let the domain D contain a cut L, i.e., a smooth arc ending in the points of the boundary contour
I', which lies inside D with the exception of the endpoints themselves. Then, if the function ¢ is
continuous in D and J-analytic in D \ L, then this function is J-analytic in the whole domain D.

All the main results of the classical theory of analytic functions based on the Cauchy integral remain
valid for J-analytic functions [17]. For convenience, we formulate the main ideas of this theory without
proof.

In a neighborhood of an isolated singular point a for a J-analytic function we have a Laurent
decomposition

= J5W 0<s<E (3.4)

o(z) = Z(z —a)ker, ¢, eC
in integer powers of the matrix (z — a)s. If ¢ is bounded in the neighborhood of this point, then the
singularity is removable and this decomposition becomes the respective Taylor series with coefficients
¢ = ¢¥) /E1. The respective partial sums of this series are J-analytic polynomials
n
p(z) = Z(z —a)ken, o eCh
k=0
If the domain D is unbounded, the infinite point oo can be considered as an isolated one. In this
case, the Laurent decomposition holds in a neighborhood of oo in integer powers of z;. If ¢ has the
order k at infinity, then this decomposition contains only powers 2%, i < k. In particular, the function
z;kgb(z) is Douglas analytic in a neighborhood of oc.
If the function ¢ is given and J-analytic in a simply connected domain D, then the integral

z

6(2) = / dt (1) (3.5)

does not depend on the integration path and defines a J-analytic function with a derivative ¢’ = 1.
In the case of a multiply connected domain D the primitive ¢ of the function v, generally speaking,
is multivalued and admits bifurcations while encircling connected components of the boundary of the
domain. Evidently, formula (3.5) yields a single-valued function if and only if one has

/ dtj(t) =0 (3.6)
Fl
for any simple contour I'' C D. In the general case the integral here can be understood as the increment
of the function ¢ along the contour I".

Let the domain D be bounded and let its boundary consist of the finite number m of connected
components. Consider in D simple contours F;-, 1 < j < m — 1, that contain within themselves
the respective m — 1 components among these. Then by the Cauchy Theorem it suffices to check
condition (3.6) for these contours. A similar statement holds for an unbounded domain provided that
1 has the order —2 at infinity. In this case one can integrate in (3.5) starting at zyp = oo, and the
components of the boundary linked to F;- are equivalent.
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Similarly to (3.3), one can introduce a generalized Cauchy type integral

<ww>—L/an%m@

" 2
r
defining outside the oriented contour a J-analytic function ¢ = I with the order —1 at infinity and
the respective singular Cauchy integral

(5)00) = = [~ o) dtsolt), weT,
r
understood in the sense of the principal value. The operator I defined by this integral is bounded in the
Holder spaces C*(I') — C*(D), 0 < p < 1, where D is any connected component of the complement

of T', and for its boundary values ¢* (the signs are defined by the orientation of the contour) the
Sohocki—Plemelj formula holds (see [1]):

20T = £ + So. (3.7)

Let a function ¢ be Douglis analytic outside of the contour I', have a finite order at infinity and
belong to C*(D), where D is any connected component of the complement to I'. Then by (3.7)
the difference ¢g = ¢ — Ip, where ¢ = ¢ — ¢, has the property gbar = ¢y. By the Cauchy
formulas (3.2), (3.3), applied to domains D, it is easy to deduce from here that ¢g is Douglis analytic
in the whole plane and therefore is a J-analytic polynomial p.

Formula (3.7) also implies that the singular operator S is bounded in C#(I'). By the way, with
the help of the next lemma this fact can be easily reduced to a similar well-known result [13] for the
classical Cauchy singular operator

(Sop)(to) = = / p(t)dt to €T,

m) t—ty’
T

which corresponds to the case J = 1.

Lemma 3.1. Let the contour I' belong to the class C and

k(to,t) e CY(I' xT'), k(t,t) =0. (3.8)
Then the integral operator
1 [ E(to,t)
Ko)(ty) = — t)ydt, t r .
(Kolto) = 7= [ Tt toer, (39
r

is bounded C(I') — C¥(T") and, in particular, compact in the spaces C(I') and C*(T"), 0 < p < v.
If the function ¢ is summable, then integral (3.9) exists almost everywhere in I' and the operator
K is compact in the Lebesgue space LP(I') for any p > 1.

Proof. There exists a 0 < p < 1/2 (the standard radius of the contour) such that for any point a € T’
and 0 < 0 < p the set ' N {|t — a|] < J} is a smooth arc. Then for the function ¢» = K¢ we have an
obvious estimate

\MMKMM%/V4WﬂMSMMM%, (3.10)
I

where | |g and | |, denote the norms in C' and C?, respectively, and the constant My > 0 depends only
on I'. Further we use the estimate

a—1
|t_a‘a—2|dt‘§Ml{ ) 5 0<Oé<1,

m(1/8), a=1, (3.11)

I'n{|t—a|>6}

where the constant M; > 0 depends only on I' and on «.
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Fix the points t1,t3 € T', and let § = |t; — t2| < p/3. Write

k(t1,t)  k(ta,t)
Y(t1) —p(ta) = -
F/ [

=A1+A
(o8 M gar = a4 8o

where A; and Ay denote integrals along I'ts = I'N {|t — ¢1| < 20} and T'y = ' N {|t — 1| > 26},
respectively. Evidently,
18] < [kllelo [ ll6 = 2~ + 1t = tal ],
I
Since |t — t1| < 260 implies |t — ta| < 30, similarly to (3.10) we have:
|Ar] < Mo[(26)” + (36)"][k[v]#lo-

As for Ay, we write

A2 :/k(tl,tt)__tl:(t%t)gp(t)dt_‘_/%@(ﬂdt'
I r2

Then we have
Aa] < [Klulglo | 8" / £ty ] + 8 / 1t bVt =t ]
o I

Since |t — t1| > 20 implies |t — to| > |t — t1] — § > |t — t1]| — |t — t1]|/2, we can apply estimate (3.11) to
the expression in square brackets. Then we have

|Ag| < |klu|@loMi[6” In(1/8) + 2 776"].
Combining both estimates for A; and As results in
[Y(t1) — Y(t2)| < Clklu]plolts —ta] if  [t1 — 2] < p/3

with some constant C' > 0. By (3.10), this implies boundedness of the operator K from C' into C".
We turn to the second statement of the lemma. Assuming that the function ¢ is summable,
according to (3.8) we write (3.9) in the form

(K)(ty) = /
I

k(to, t)e(t)|dt]|
[t —tol® 7

where 1 — v < a < 1, and the function k is continuous and vanishes at t = ¢5. Then by the Fubini
Theorem this integral exists almost everywhere and defines a summable function ¢ = K¢ with an
estimate

/ (to) | dto]| < [Flo / () |at] / 1t — to|®dto| < M[E|g / ()]
T T T T

If p € LP(T"), p > 1, then by the Holder inequality

1/p 1/q
|(t)P|dt] |dt|

to)l < |k
[9(to)| < |klo o] =t ,
I

where 1/¢ = 1 — 1/p. Rasing this inequality to the p-th power and integrating, due to the previous

inequality we get

/ (ko) Pdto] < [F[2 0P/ / o(t)[Pdt].
I T
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Thus the operator K is bounded in LP(I') with an estimate
K| g0y < Mkl (3.12)

for its norm.

Evidently, if for some § > 0 the function k(t,t) vanishes for |t — to| < 6, then the operator K is
compact in LP(I"). We choose a sequence of functions k, with this property with respect to 6 = d,,
which converges to k in the sup-norm, and let K, be defined from l::n, as above. Then by estimate (3.12)
applied to the difference K — K, the sequence of compact operators K, converges to K in the operator
norm, so that the operator K is compact. O

Lemma 3.2. Let the contour I' belong to the class C* and let the eigenvalues of the matriz J lie not
on the real axis. Then the operator S — Sy is compact in the spaces C*(I'), 0 < pu < v, and LP(T"),
p>1.

If the contour I' is the boundary of the domain D and positively oriented with respect to it, then
S§%2=82=1.

Proof. We write the difference S — Sj in the form

1 [qlt;t—to)
(5 = Soppl(to) = = [ LD pityan
r
with a matrix function ¢(¢,&) = [e(t)]ijlf — e(t). Then it remains to make use of Lemma 3.1 and
the following general property of functions of the form g¢.

Let I' € C1¥ and the function q(tg,t; &) defined for tg,t € I and & = &1 + i€y € C, € # 0 be even,
homogeneous of order zero, and continuously differentiable in £, namely, continuous in all the variables
together with its partial derivatives in . Then, if q(t, ;&) € CY(I" X I') uniformly in || = 1, then the
function k(to,t) = q(to,t;t — tg) belongs to C¥(I" x I'), and k(t,t) = q(t,t; e(t), where e(t) is the unit
tangential vector on I'.

It suffices to prove this proposition in a neighborhood of a fixed point (a,a) € I' x I'. Write a
parametrization of the contour in this neighborhood in the form z = ~(s), |s| < 0, where s is the
parameter of the arc length measured from the point a. Then the function

1

a(sg,s) = 7(s) = 7(s0) pp—— /fy ST+ so(1 —7)]dr
0

belongs to the class C” in the square |sg|, |s| < 4, is separated from zero in absolute value and takes the
value 7/(s) at sg = s. Consequently, the function k[y(so),7(s)] = q[v(s0),7(s); a(s0, s)] also belongs
to this class and its value at sg = s coincides with ¢[y(so),v(s);7/(s)]. Hence it follows that the
formulated proposition holds for the function ¢(to,¢;t — t1) in the neighborhood of the contour under
consideration.

We turn to the second statement of the Lemma. For the operator Sy it is well known [13], and for
S it can be proved according to the same scheme as in [13]. Namely, let the contour I' be positively
oriented with respect to the domain D and for brevity P = (1 + §)/2. Then for the boundary value
of the function ¢ = Iy we have the equality ¢ = Py. On the other hand, by the Cauchy formula
¢ = I¢T, where we take into account the fact that in the case of an unbounded domain D the
function ¢ vanishes at co. Then Ppt = ¢+ or P?¢ = Py, which is equivalent to the operator equality
5?2 =1. O

The boundary properties of integrals of the Cauchy type Iy with density from ¢ € LP(T'), 1 <
p < 0o, were studied in [16]. In this case the J-analytic function ¢ = I'¢ belongs to the Hardy space
HP(D), which can be introduced [18] in the following way. Let the contour T' belong to the class C'1¥
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and let the sequence of contours I',, C D, n = 1,2, ... converge to I' in the metric of C'. By definition,
this means that for some diffeomorphisms v, : I' = I';;, the condition

Jim |y, (1) = tlorry =0 (3.13)
holds. Then HP(D) consists of all J-analytic functions in D such that the norm
9| = sup || ze(r,) (3.14)
n

is finite.

In this notation the Cauchy type integral as a linear operator ¢ — ¢ = Iy is bounded LP(T") —
HP(D), the angular limiting values ¢ exist almost all in I, and the Sohocki-Plemelj formula holds [16].
Conversely, any function ¢ € HP is representable as a Cauchy type integral with density ¢ € LP(T").

In fact, let the domain D, C D be bounded by the contour I';,. Then for a fixed point z € D and
sufficiently large n one can write the Cauchy Formula

o) = - / (t — 2);Vdt s (0).

2
I'n

From (3.14) and the weak compactness [15] of the unit ball in the reflexive Banach space LP, p > 1,
it follows that there exists a function ¢ € LP(I') such that some subsequence ¢ o+, weakly converges
to ¢ in LP. Therefore due to (3.13) we can pass to the limit as K — oo in the previous equality for
n = ny and as a result represent ¢ by a Cauchy type integral.

This implies, in particular, that ¢ € HP(D) if and only if angular limiting values exist almost
everywhere in I', belong to LP(I"), and the Cauchy Formula remains valid. By the same reasons, the
space HP can be defined as the closure of the class of J-analytic functions, which are continuous in
the closed domain D, in the norm

|6l = 6" Loy
equivalent to norm (3.14). Recall that in the case o(D) = 0 of an unbounded domain J-analytic
functions are supposed to be bounded at oo, so that the given equality defines a norm in this case as
well.

It is well known [13] that any analytic function can be represented by a Cauchy type integral up
to an additive constant. This fact also holds [16] for J-analytic functions in the Holder classes. With
the help of the following lemma it can be easily extended to the Hardy class as well.

Lemma 3.3. Let a domain D be bounded by a simple Lyapunov contour I' and a matriz J be trian-
gular. Let a J-analytic function ¢ € HP(D) be such that Re¢™ is constant in . Then ¢ is constant
in the domain D.

Proof. Prove this Lemma first for the scalar case [ = 1, where J = v € C and ¢ is a solution of the

equation
o¢  9¢
oy oz~
Under the affine transformation z = x+1iy — 2, = x + vy this equation becomes the Cauchy—Riemann
equation that defines analytic functions. Evidently, the Hardy class is invariant with respect to these
transformations, so that without loss of generality the function ¢ can be considered analytic. In this
case the statement of the Lemma is well known [8].
So in the scalar case the statement of the Lemma is proven. In the general case let for definiteness
the matrix J € C**! be upper triangular, i.e., Ji; = 0 for i > k. Then in the coordinate notation with

0.

respect to the vector ¢ = (¢1,...,¢;) the Douglis system can be rewritten in the form
!
0¢; Oy,
- — Jpi—=— =0, 1<k,
8:1] kz_] k] 8$ Y — =
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By the above the last equation of this system implies that the function ¢; is constant. Therefore the
(I — 1)-th equation of this system becomes the scalar equation considered above with respect to ¢;_1
and v = Ji_1;—1. Hence, by the same reasons the function ¢;_; is constant. Repeating the same
arguments, we finally come to the conclusion that all the functions ¢ are constant. O

We turn to the problem of representability of J-analytic functions ¢ € HP by the Cauchy type
integrals with real density.

Theorem 3.1. Let a Lyapunov contour I' be the boundary of a domain D, positively oriented with
respect to D, and consist of components I'y, ..., Ty, m > 1, where in the case of a bounded domain the
contour 'y, encompasses all the others. Let a matrixz J be triangular. Then any J-analytic function
¢ € HP(D) can be represented in the form

p=1Ip+n neC, (3.15)

where the real l-vector function ¢ € LP(T') and Ren = 0 in the case of a bounded domain D.
In this representation ¢ = 0 if and only if n = 0 and the function ¢ is constant on the contours I';,
and in the case of a bounded domain D it vanishes on I'y,.

Proof. Tt follows the same scheme as in the case of functions considered in the Holder classes [16].
First suppose that the domain D is bounded by a simple contour (i.e., m = 1). Denote by D the
complement of D on the plane, and let I © denote the respective Cauchy type operator in the domain
D. Then due to (3.7) one has

(Io)" — (Ip)” = ¢ (3.16)

We assert that
Re(Ip)t =0 = ¢ =0, (3.17)
Re(Ig)" =¢eR = £=0, p e R (3.18)

In fact, if Re(Ip)™ = 0, then by Lemma 3.3 the function Iy is constant and due to (3.16) the
function Im(f )~ is also constant. Using Lemma 3.3 again, we derive that the function I @ and
consequently the density ¢ = ¢ € R are constant as well. But then Iy = ¢ and since by condition
Re(Ip)* = 0, hence follows (3.17). The argument for the integral I¢ is similar. As above, we check
that the functions I @ and ¢ are constant. Since the first of them vanishes at infinity, this implies (3.18).

Consider the operators Mo = Re(Ip)" and My = Re(Ip)~ that act in LP(T'). According to (3.7),
we have: -

Mo =Re(p+Sp)/2, Mp=Re(—p+ Syp)/2.
The operation of complex conjugation ¢ — P of the functions induces the respective operator involu-
tion N — N by the rule Ny = No. In this notation one has

M=1+(S+58)/2, M=-1+(5+29)/2. (3.19)
If we denote the dependence of the operator S on the matrix J by the notation S = S(J), then

S(J) = —S(J) (the minus sign appears due to the factor 1/mi before the singular integral). According

to Lemma 3.2, the operators S(.J) — So and S(J) — Sp are compact in the space LP(I"). But then the
same property belongs to the operator S + S = S(J) — S(J). Therefore by the Riesz Theorem [15]

the operators M and M in (3.19) are Fredholm of index zero. In combination with (3.17), (3.18) this
allows us to conclude that the operator M is invertible and

ker M =0, R'NimM = 0. (3.20)

Now let ¢ € HP(D) and f = Re¢*. Setting ¢ = M1y, we obtain (¢—Ip)" = 0 and by Lemma 3.2
the function ¢ = Ip + i€ with some & € R'. If in this equality ¢ = 0, then My = 0 and hence ¢ = 0.
This proves the claim of the theorem in the case under consideration.
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Further let ¢ € HP(D) and ¢o(z) = ¢(z) — ¢(c0). Recall that the operator M is Fredholm of index
Z€r0. Therefore, taking into account (3.20), the function f = Re ¢0 can be represented in the form
Mo+ ¢ with some ¢ € LP and € € Rl. Then Re(dy — 190) ¢ and by Lemma 3.2 the function ¢o — ¢
is constant. Since it vanishes at oo, in fact one has (;5 =T ¢, which leads to the decomposition (3.15)
for gb with n = gb(oo). The fact that qb = 0 in this decomposition implies n = 0 and ¢ € R! can be
proved similarly. Thus the claim of the Theorem is also proved for the case of an unbounded domain
whose boundary is a simple contour.

Consider the general case of a contour I', assuming for definiteness that the domain D is bounded.
Let the domain D; have the contour I'; as a boundary, being unbounded for 1 < j < m—1 and bounded
j=m,sothat D = D;N...NDy,. According to the Cauchy Formula the function ¢ € HP(D) can be
represented as the sum

¢(z) =¢1(2) + ...+ ¢m(z), z€D, (3.21)
where ¢; € HP(D;) are defined by the integral of the Cauchy type

L /(t—z) Lity6t(t), zeD;.

2mi
rj

dj(z) =

The conclusion of the theorem is already applicable to the functions ¢;, so that

bi(2) = 2%2 /(t —2) ldtypi(t), 1<j<m-—1,
IV
1
om(e) = g [ (=D dtspm(t) +iE, €.
T

Substituting these expressions into (3.21), we arrive at the required decomposition (3.15). If in this
decomposition ¢ = 0 and the functions ¢; € HP(D;) are defined by the Cauchy type integral with
density ¢|r;, then the equality —¢m, = ¢1 + ... + ¢y1 allows us to extend —¢,, up to a Douglis
analytic function on the whole plane that vanishes at co. Therefore ¢, = 0. Similarly one can show
that ¢; = 0 for all j. Applying the conclusion of the Theorem to ¢;, we see that ¢|r;, € R! for
1<j<m-—1land =0, ¢|p,, =0. O

4. The Riemann—Hilbert Problem

As in the case of usual analytic functions, for Douglis analytic functions one can consider the
Riemann-Hilbert Problem

ReGo|,. = f, (4.1)
where the | x [-matrix function G € C(I") is invertible everywhere on I". This problem is considered
in the space HP(D), p > 1, with a right-hand side f € LP(I"). The Fredholm property and the index

of the problem are understood with respect to the R-linear operator ¢ — Re G¢ of its boundary
condition.

Theorem 4.1. Let the Lyapunov contour I' consist of m connected components and the determinant
of the matrixz function G € C(I') be nonzero everywhere on I'. Then problem (4.1) is Fredholm and
its index 3 is given by the formula

1
2 _ 4.2
> argdetG|F +( m)l, (4.2)

where the increment of a continuous branch of the argument on I is taken in the direction leaving the
domain D on the left.
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IfT € CY and G € C¥(I'), then any solution ¢ € HP(D) of this problem with a right-hand side
feCHI), 0 < p<wv, belongs to the class CH(D). Under the additional assumption G € C*(T) a
similar assertion also holds for the classes C''*.

Proof. Without loss of generality the matrix J can be considered Jordan and, in particular, triangular.
In fact, let a matrix b € C*! take J to the Jordan form Jy, i.e., Jy = b~ 'Jb. Then the substitution
¢ = bgg takes J-analytic functions to Jp-analytic ones. it remains to note that under this substitution
problem (4.1) passes into a similar problem for a Jy-analytic function ¢y with a matrix Gy = Gb.

Thus we can make use of Theorem 3.1. This theorem implies that the integral operator I acting from
the space LP(I") of real [-vector functions into HP(D) is Fredholm and its index ind I = I[(m—2). On the
other hand, according to (3.7) for the composition N = 2RI of the operator R of problem (4.1) with
I we have the equality Ny = Re(¢ + Sp). In terms of operator involution of conjugation introduced
in the proof of Theorem 3.1 we can write

N=G1+8)/2+G(1+8)/2=G(1+S5)/2+G(1—-S5y)/2+K (4.3)

with an integral operator 2K = G(S — Sp) + G(S + Sp), which by Lemma 3.2 is compact in LP(T).
According to the classical theory of singular operators with the Cauchy kernel [9, 13] we conclude
that the operator N is Fredholm in LP and its index is determined by the first term on the right-hand
side of (4.2). Since S3 = 1, with the help of Lemma 3.2 one can similarly check that the operator
NEYD = G114+ Sp)/2 + @_1(1 — Sy)/2 is a regularizer of N, i.e., the operators 1 — NN(=1 and
1 — NEYN are compact in LP(T).

The second part of the Theorem is based on Lemma 4.1, which will be proved below. Let I' €
Clv, GeC’(T)and 0 < g < v. Then by Lemma 3.1 the operator K in (4.4) is compact in the space
CH™(I') and the operator N(=1) is a regularizer of N in this space. Therefore the claim of the theorem
follows from Lemma 4.1.

Further let G € C1¥(T'). Consider the operation of differentiation on I' by the formula

(Do) (to) = Hg{%er(t —t0)7 ' [p(t) — o(to)].

It is related to the similar operation Dy with respect to J = i by the equality D = dDgy, where
d= e}le € C¥(I'). It can be directly checked by integration by parts that

1
Ip) (2) = =— [ (t — 2)7 dt;(Dp)(t).
(16 () = 5 [ (=27 dts(De)(0)
r
In particular, the Cauchy type operator I is bounded CY#(I') — CUY#(D). Therefore it suffices to
establish the regularity statement of the theorem with respect to the equation Ny = f defined by the
operator (4.3).

Applying to the previous equality the Sohocki—Plemelj Formula (3.7) and comparing the result with
the differentiated formula (3.7), we obtain the equality DS = SD or dDyS = SdDy. Similarly one
has DySy = SypDy, so that

Do(S — So) = [d_l(S - So)d + (d_lso — Sod_l)d]DQ.
As a result, for the operator K in (4.3) we have the relation DyK = Ko + KDy, where K; (j =
0,1) are defined similarly to (3.9) with some functions k;(tp,t) having the property (3.8). Therefore
the operator K is compact in the space C#(I'), 0 < g < v. Similarly one can check that the

operator N(-1 is a regularizer of N in the space CHH(T) as well, so that it remains to make use of
Lemma 4.1. ]

Lemma 4.1. Let the operator N be Fredholm in the space LP(T'), p > 1, and together with its
reqularizer N bounded in some Banach space X embedded into LP(T"). Then if NCY s a reqularizer
of N with respect to X as well, then any solution ¢ € LP(T") of the equation N¢ = f with the right-hand
side f € X also belongs to X.
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Proof. 1t suffices to prove the assertion with respect to the equation ¢ + K¢ = f, where K =
1 — NEUN. By hypothesis, the operator K is compact both in L” and in X. The space L4(I),
qg=p/(p—1),is dual to LP(I") with respect to the bilinear form

(. 1) = [ (t)(t)dt.
/

Respectively, the adjoint operator K’ related to K by the identity (Kp,v) = (¢, K'1)) is compact
in the space L?. By the Riesz Theorem [15] the dimension of the kernel n = dim[ker(1 4+ K)] of the
operator 1+ K is finite and coincides with dim[ker(1 + K’)], and the equation N¢ = f is solvable if
and only if (f,4) =0, ¥ € ker(1 + K’). Let ng have an analogous sense with respect to the operator
Ky = K|X acting in X. Then, obviously, the condition (f,1) =0, 1 € ker(1 + K') is necessary for
the solvability of the equation Ny = f in X. Thus,

no <mn, dim[X/Im(1+ Ko)] > no,

so that ind(1 + Ky) < ind(1 + K) = 0. Since in fact one has ind(1 + Ky) = 0, the two previous
inequalities are also exact equalities. Thus ker(1 + Ky) = ker(1 + K), and the condition (f,) =
0, ¥ € ker(1 + K') is necessary and sufficient for the solvability of the equation Ny = f in X. This
directly implies the assertion of the lemma. O

We pay a special attention to the Riemann—Hilbert problem with a constant matrix G. In this
case the index formula (4.2) becomes » = [(2 — m). To consider this problem in more detail, it is
convenient to introduce the Hardy space for the class of real vector functions

u = ReG¢, (4.4)
which is denoted here by hP(D). It is introduced similarly to the case of J-analytic functions with
the difference that the sequence of contours Iy, € D, n = 1,2,... converges to I' in the metric of

this class. In other words, the domain D is bounded by the contour I' € C1* and condition (3.13)
holds with respect to the norm of the space C''(T"). Then the space h”(D) of functions u = Re G¢ is
defined by the condition of finiteness of the norm

lu| = sup [ulLe(r,)- (4.5)

Theorem 4.2. Let the domain D be bounded by a contour T' of the class C*; then u € hP(D) if and
only if in the representation (4.4) the function ¢ € HP(D).

Proof. Without loss of generality the matrix J can be considered triangular, which is justified in the
same way as in the proof of Theorem 4.1. Since the assertion of the theorem has to do with the
behavior of ¢ near the connected components of the contour, we can consider the domain D bounded,
and the contour I' consisting of two components. In this case it is convenient to modify the operator
I of the Cauchy type integral slightly, putting

(Ig)(2) = / (t = 2)7 dtsp(t) + / ol . zeD. (4.6)

2
r r

Then by Theorem 3.1 this operator is invertible LP(I') — HP(D).
In our notation formula (3.7) corresponds to the equality

1 _
2l =+ S, (S)t0) = = [ [t~ t0); eslt) + ilt)l, (4.7
r
and for the operator No = Re G(Ip)t we have an expression similar to (4.5):

N=G(1+S5)/2+G(1+5)/2. (4.8)
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Thus problem (4.1) is equivalent to the equation Ny = 2f, whose solution ¢ determines the solution
¢ = Ip of the problem. According to Theorem 4.1 this problem and, respectively, the operator N
are Fredholm of index zero. Let ¢1,...,¢r € HP(D) form the base of the space of solutions of the
homogeneous problem (4.1). Without loss of generality we can consider that some subdomain Dy
together with its boundary lies inside all the contours I',. Real [-vector functions Re ¢; are linear
independent as elements of C(Dyg). In fact, if Re¢ = 0 in the domain Dy for some J-analytic function
¢, then also ¢ = 0, which is proved similarly to Lemma 3.2. We choose a system of real [-vector
functions 1, ..., ¢y, biorthogonal to functions Re ¢j(z), z € Dy. In other words,

/(Re qbz)w]da:dy = 5ij,
Dy

where ¢§;; is the Kronecker symbol. Then the homogeneous problem (4.1) complemented by the
conditions

[seodsay =0, 1< <k
Do
has only the zero solution. Consider the operator L : LP(I") — R¥ defined by the formula

(Le); = /Re%’ Re(Ip)dxdy, 1<j<k.
Do

Due to (4.6) it can be written in a more explicit form of the scalar product

(o) = [ gelat, 1<5<k, (49)
T
with functions .
(1) = 5- / Tmles ()(t — 27" + 10 (=)dady.
Dy

In this notation the operator (N, L) : LP(I') — LP(I') x R* is Fredholm and its kernel is trivial.
The dependence of operators (4.7)—(4.9) and their defining functions on I' is indicated by subscripts
St, Lr, etc.

We turn to the sequence of contours I',, considered in the Theorem. By hypothesis, there exist
homeomorphisms =, : I' — T',, of the class C**(T") such that condition (3.12) holds in the norm of
Cclv ie.,

lim |y,(t) — t|cir = 0. (4.10)
n—oo
The operation of superposition ¢ — ¢ o, of functions induces the operator transformation M —
M o «, by the rule (M o 7,)(p ov,) = (Myp) o ~,, which takes the Banach space L[LP(T,,)] of
bounded operators in LP(I",,) into L[LP(I")]. The notation (M o ~,)(¢ o~,) = M for the operator
M : LP(T',) — R¥ has a similar sense. We assert that in this notation

|Sr,, ©Yn = Srlc =0, |Lr, oy — Lr|z =0 (4.11)
as n — oo in the operator norm of the respective spaces. In fact, set

@n(to,t) = [yn(t) = T (to)]; " eslm(®)]e " (8)(t — to)s.

Then by (4.10) the sequence of matrix functions g, — 1 in the norm of C¥(I" x I'). It remains to note
that in this notation one has

[(S 0 ym)el(to) = %/[qn(toat)(t —to); ey (t) + Lo (t) v, ()| dt],
T
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(Lr, 0 1)¢l; = / g1 SO () ()],

r
and to make use of the estimate of he operator norm of the operator K in LP(I") established in the
proof of Lemma 3.1.
Now let a J-analytic in D function ¢ be given, for which norm (4.5) is finite, i.e., real functions
fn = Re¢|r, are uniformly bounded in the norm of the spaces LP(T',,). Put

&= [wReodsdy, 1<k
Do

Let ¢, € LP(I';,) be defined by the equality ¢ = Ir, ¢, in the domain D,, € D bounded by the
contour I'y,. Then one has Nr, ¢, = 2f, and (Lr,¢n); = &;, or, equivalently,

(Nl“n o Oén)SZn = 2fn, [(LFn © an)&n]j = gj’

where we put ¢, = ¢y 0,. According to (4.8) relation (4.11) also holds for the operator N; therefore
by Lemma 4.2 below the sequence ¢, is bounded in LP(I'). Due to (4.7), (4.11) this implies that the
sequence of functions (St, o a;,)@, and hence also ¢ o o, are bounded in LP(I"), which completes the
proof of the theorem. O

Lemma 4.2. Let Banach spaces X,Y and the Fredholm operator N € L(X,Y') with a trivial kernel be
given. Let the sequence N, — N as n — oo in the norm of the space L(X,Y). Then, if the sequence
of vectors Nypx, is bounded in'Y, so are x,, in X.

Proof. First suppose that the image im N of the operator coincides with Y, i.e., the operator N is
invertible. Then the operators N,, are also invertible for sufficiently large n and the sequence N, !
converges to N~! in £(Y, X) so that the sequence z,, = N, 'y, is bounded. In the general case by
hypothesis the image im IV is closed and Y = Yy @ im N for some finite-dimensional subspace Yj.
Consider the operators N, N,, € L(X x Yj,Y) defined by the formula

N(':vaO):Nx_‘_yOv Nn('xvyO):Nnx_‘_yO

Then the operator N is invertible and the sequence ]Vn — N in the operator norm. Since Nn(azn, 0) =
Yn, this implies the boundedness of the sequence x,,. O

Note that an analogue of Theorem 4.2 also holds with respect to the Holder classes C#(D), 0 <
pw< .

To conclude, we discuss multivalued J-analytic functions, i.e., functions ¢ with single-valued deriva-
tives ¢’ in the domain D. Here in the case of an unbounded domain it is assumed that this derivative
is of the order —2 at co. These functions can be easily reduced to single-valued ones with the help of a
special matrix function L(z) such that its derivative coincides with (27i)~12; . Tt is easy to show [17]
that it can be defined as a value of the analytic function (27i)~!In ¢ of the matrix z;. Then for any
n € C! the multivalued vector function ¢(z) = L(z)n will be a J-analytic function such that its incre-
ment in the anti-clockwise motion of the point z = 0 yields the vector 7. In the case of matrix (2.1)
this function is given by the formula

. 1 In(z + 11y) 0
(i) L(z) = i ( 0 Y In(x + v9y) > ’

- - . (4.12)
. n(r + v r+ry)”
@26 =5 (" T )

Starting from L(z) construct a family of multivalued functions with a similar behavior with respect
to the connected components of the contour I' = 9D. Let this contour consist of connected components
I'y,...,I',, and let in the case of a bounded domain D the contour I';,, encompass all the other ones.
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Evidently, the complement of the closed domain D on the plane consists of m domains l~?1, ee.,Dpy
such that each of them has a simple contour as its boundary. For 1 < 5 < m — 1 all the domains 5]-
are bounded, and the domains l~?m and D are of the opposite type.

Choose inside each domain Ej a point a; and put

1 L(z — a;), o(D) =1, }
i = — <j7<m-—1. .
L) = 5.5 { L(z-a)) - L(z—am), o(D)=0, L'Sism=l1 (4.13)
Note that in the case of an unbounded domain the derivative L;(z) is of the order —2 at oo.
It is easy to see that in this notation each multivalued function is representable in the form

m—1
gb(Z) = qu(z) + Z Lj(z)njv 75 € (Clv (414)
j=1

where ¢q is single-valued. According to this, the notation ¢ € hP(D) means by definition that in
this representation one has ¢g € h”(D). In a similar way, other classes of multivalued functions are
introduced.

The formulation of the Riemann—Hilbert problem (4.1) can be extended to admissible multivalued
functions, i.e., functions ¢ such that the real [-vector function Re G¢ is single-valued. They are defined
by decomposition (4.14), where Re Gn; = 0. Accordingly, this problem can be considered as

m—1
ReGoolp + Y Re[GLjn;l| = f
j=1
with respect to (¢o,n1,...,Mm—1), where ¢q is single-valued, and the vectors n; (j = 1,...,m — 1)
belong to the finite-dimensional space {n € C!, ReGn = 0} of dimension I. It is well known [14] that
extension of a Fredholm operator by n dimensions increases its index by n. Therefore due to (4.2) the
index of problem (4.1) in the class h?(D) of admissible multivalued functions equals .

5. First and Second Boundary-Value Problem for the Lamé System

Consider the Lamé system in a domain D bounded by a Lyapunov contour I' € C'¥, 0 < v < 1.
It is known [12] that the main boundary conditions for this system consist in fixing on the boundary
contour either the shift vector
ut = f, (5.1)
or the normal component o™n = Ja)nl + U(Jg)ng of the stress tensor o, where n = (nq,n9) is the
exterior unit normal on I" and the superscript 4+ denotes the boundary value of the function.
According to (1.1), (2.13) the latter boundary condition can be written in the form

a_u + a_u i + % + a_u i — (5 2)
ny au@x a12 Dy ng azl&r a22 y =9, .

where we put 1 = z, x9 = y. Thus (5.1) corresponds to the Dirichlet problem for the Lamé system,
and (5.2) to the Neumann problem. These problems are also called the first and the second boundary
value problems, respectively.

In the case o(D) = 0 of an unbounded domain the following condition is imposed on the gradient
of the solution u of this system:

gradu(z) = O(|z|™2) as 2z — oo, (5.3)
in particular, there exists a limit u(oo) = limwu(z) at infinity. Then Theorem 2.1 implies that in
representation (2.10) function ¢/(z) is of the order —2 at oc.

From the viewpoint of general strongly elliptic systems the solvability of the Dirichlet and Neumann
problems for the Lamé system in Holder and Sobolev spaces is well studied [6]. In this section we
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consider these problems in Hardy classes h?(D) for the solutions of the Lamé system and the conjugate
functions, which according to Theorems 2.1, 2.2 are defined as in Section 4 with respect to G = b and
G = ¢, respectively.

In the class C1(D) the uniqueness of the solution of the Dirichlet problem for system (1.1) easily
follows from Green’s Formula:

Z/ () e = Z / (o ) i, (54)

2]1

where we put for the sake of uniformity 1 = =, o = y. If u satisfies the homogeneous boundary
condition (5.1), then the integral over I" falls out of this equality, and due to (1.4) the solution u must
be trivial, i.e., of the form (2.15). Combining this with (1.4) yields u = 0.

For the same reasons we conclude that the homogeneous problem (5.2) admits only trivial solutions.
On the other hand, for two solutions u,uy € C'(D), similarly to (5.4), we can write the identity

8u0
Z/<a”8m]> amzdxldajg Z/(am >u0|dt|.

zyl

If ug is a trivial solution, then

ou Ou Oug Ou
Z/ 2]8 a deldfz’g Z /a”a 06 dxidzs =0,

7.]_ 7.]_
so that the condition

/ g(tyuo(t)|dt] = 0 (5.5)
T

of orthogonality of the right-hand side of problem (5.2) to the trivial solutions ug is necessary for its
solvability.

Theorem 5.1. Let the domain D be bounded by a contour I' € CY. Then the Dirichlet problem is
uniquely solvable in the class hP?(D), p > 1.

If the right-hand side f € C*(I'), 0 < pu < v, then any solution u € hP(D) of this problem belongs
to CH(D). Similarly, f € CY*(T) implies u € C1#(D).

Proof. By Theorems 2.1 and 3.3 the Dirichlet problem is equivalent to the Riemann—Hilbert one
Rebp™ = f (5.6)

in the class h?(D) of admissible multivalued solutions. As we have noted at the end of Section 3,
this problem is Fredholm in the class under consideration and its index equals 2. If f = 0, then by
Theorem 4.1 the function ¢ € C'(D) and, respectively, u = Reb¢ is a solution of the homogeneous
Dirichlet problem for the Lamé system. As it was noted above, we have u = 0, so that by Theorem 2.1
the function ¢ is constant. So, the dimension of the solution space of the homogeneous problem (5.6)
equals 2 and, since its index equals 2, this problem is unconditionally solvable. Thus we have estab-
lished the first assertion of the theorem. The second part of the theorem is a corollary of the second
part of Theorem 4.1. O

We turn to the formulation of problem (5.2) in the Hardy class. If uw € C(D), then by (2.14)
equality (5.2) can be written with respect to the conjugate function v in the form

") =g, (5.7)

where the prime denotes the derivative in the arc length parameter measured in the positive direction
with respect to D.
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Let I'j, 1 < j < m, be simple contours that make I'. By (2.19), there exist unique n; € C? that
satisfy the system

Rebn; =0, Recn; = /g(t)|dt\, 1<ji<m-1. (5.8)
Lj
Consider the multivalued solution of the Lamé system

m—1
u1(z) = u(z) — Re Z bL;(z)n; (5.9)
j=1
such that its conjugate function by Theorem 2.2 is given by the equality
m—1
v1(z) =v(z) — Re Z cLi(z)n;.
j=1

Evidently, it satisfies a boundary condition similar to (5.7):

(1) = (5.10)
with the right-hand side
4+
m—1
g1=9g— Z RecL;n;
j=1

By (5.8), the function g; satisfies the condition

/gl(t)|dt| _0 1<j<m, (5.11)

L
Let the necessary condition (5.5) of solvability of the Neumann problem hold. Then, choosing as ug
constant vector functions, we arrive at an equality similar to (5.11) on I';,, as well. Thus there exists
a primitive f; € C'(T") of the function g;. Here the function v is single-valued, and (5.9) becomes
the Dirichlet problem

vl = f (5.12)

for the conjugate function v.

This problem can already be considered both in the Hélder class C*(D) and in the Hardy class
hP(D) of conjugate functions. If a single-valued conjugate function v; € h?(D) of the solution u; of
the Lamé system satisfying the boundary condition (5.12) is found, then we will call the single-valued
function u defined by equality (5.9) the solution of the Neumann problem. The described procedure
establishes a correspondence between problem (5.2) of solving the Lamé system with a multivalued
conjugate function and problem (5.12) for single-valued conjugate functions to multivalued solutions
of the Lamé system.

In the case v; € CL#(D) the function u defined in such a way belongs to the same class and satisfies
the classical boundary condition (5.2). In particular, then condition (5.5) must necessarily hold for
g1, since it takes place for g and for the restriction of the function > RecL;n; to I'. Recall that in the
case of an unbounded domain only constant vectors are trivial solutions.

Thus after integration by parts the orthogonality condition (5.5) in the case of an unbounded domain
disappears, and in the case of a bounded domain D it becomes a single condition

/ fiOn(®)d] =0, (5.13)
T

where the integrand is understood as the scalar product of fi(¢) and the normal vector n = (n1,n2)
at the point ¢ € I' in R2.
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So, if the domain D is bounded and f; € C*(I"), then condition (5.13) is necessary for the solvability
of problem (5.12). By density, we conclude that it is necessary for any right-hand side f; € LP(I").

Theorem 5.2. Let the domain D be bounded by a contour I' € C'. Then the homogeneous Dirichlet
problem for conjugate functions in the class h?(D), p > 1, has only the zero solution, and the inho-
mogeneous problem is unconditionally solvable in the case o(D) = 0, and for o(D) = 1 it is solvable if
and only if its right-hand side satisfies the orthogonality condition (5.13). In particular, this problem
is Fredholm and its indezx equals —o (D).

If the right-hand side f; € C*(I'), 0 < p < v, then any solution vy € hP(D) of this problem belongs
to CH(D). Similarly, fi € CY*(T') implies vi € CY#(D).

Proof. 1t is similar to that of Theorem 5.1. By Theorems 2.2 and 4.1 the Dirichlet problem (5.12) is
equivalent to the Riemann—Hilbert one

Recop™ = f1 (5.14)

in the class h? (D) of admissible multivalued solutions. In particular, by Theorem 4.1 the latter problem
is Fredholm with index 2. This also implies the second part of the theorem, in particular, any solution
v of the homogeneous problem belongs to the class C1#(D). The multivalued solution u of the Lamé
system such that its conjugate function is v has a similar property as well.

Let us call a smooth arc joining distinct contours I'; a cut of the domain D. Consider finitely many
nonintersecting cuts L1, ..., L, that divide the domain D into subdomains D1, ..., D; such that each
of them is bounded by a simple piecewise smooth contour. Then in each domain Dj any multivalued
J-analytic function ¢ admits a single-valued branch ¢, and if Ly C 0Dy N dD,., then the difference
@1 — ¢ is constant in L.

Now consider a multivalued solution ¢ of the homogeneous problem (5.14), which by Theorem 4.1
belongs to the class C1(D). By definition, for this solution the function v = Re c¢ is single-valued in
the domain D and vanishes on I". Then we can apply identity (5.4) to functions u, = Reb¢, in the

domain Dy:
2
Ouy, \ Ouy,
Z <aij 8—%> 8%1 d{L’lde = / v;uk\dﬂ,
Li=1p, aD,

where vy, = Re c¢y and the prime denotes the tangential derivative in the direction leaving the domain
Dy, on the left. The sum of the right-hand sides of this equality for all k’s is zero. In fact, the integrals
over I' N 0Dy, are zero due to the boundary condition for v. On the other hand, if Ly C 0Dy NOD,,
then on Ly we have equalities vy = v, and v, = —u}, since the tangential derivatives are taken in
the opposite directions. On the other hand, the difference up — u, on Ls equals the constant vector

£, € R?. Therefore up to the sign

/v,;uk|dt\+/v;uk|dt\: /vggs\dﬂ:o,

aD, dDy Dy,

where we have taken into account the fact that the function v, vanishes at the ends of L.

Thus the integral of the left-hand side of (5.4) equals zero and, respectively, u = Reb¢ is a trivial
solution of the Lamé system and v = 0.

As it was noted in Section 2, the functions ¢ with this property in the case (D) = 1 are polynomials
of the first degree and form a three-dimensional space, and for o(D) = 1 they are constant vectors
and form a two-dimensional space. Since the index of the problem equals 2, this implies that in the
case o(D) = 1 the inhomogeneous problem is unconditionally solvable, and for o(D) = 0 this problem
is solvable if one orthogonality condition holds, which is obviously (5.13). O

As a corollary of Theorem 5.2 we obtain the following classical result on the solvability of the
Neumann problem.
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hP(D), p > 1, has only the zero solution, and the inhomogeneous problem is unconditionally solvable
in the case o(D) = 0, and for o(D) = 1 it is solvable if and only if its right-hand side satisfies the
orthogonality condition (5.13). In particular, this problem is Fredholm and its index equals —o (D).

Theorem 5.3. Let the domain D be bounded by a contour T’ € CY¥. Then the homogeneous Neumann
problem for the Lamé system in the class CY*(D), 0 < p < v, has only trivial solutions, and
the inhomogeneous problem is solvable if and only if its right-hand side satisfies the orthogonality
condition (5.15) to these trivial solutions.

We also illustrate the application of Theorem 5.2 in the following situation.

Lemma 5.1. Let the domain D be unbounded and have a simple contour I' € CYV as its boundary.
Let f be the restriction of the polynomial p(x,y) = x€° +y€! to T, where ¥ (k = 0, 1) appear in (2.30).

Then there exists a unique J-analytic function ¢g, which belongs to the class CY*(D) for any p < v
vanishes at infinity and satisfies the boundary condition

Recopd =€+ fi (5.15)
with some & € R2.
Proof. 1t requires only uniqueness. Let the function ¢ € HP(D) vanish at infinity and satisfy the
boundary condition Recgt = ¢ for some ¢ € R%2. Then by Theorem 5.2 the function v = Rec¢ is the
identical zero, so that by Theorem 4.2 the function ¢ is a polynomial of the second degree. Since by

hypothesis ¢(z) — 0 as z — oo, this polynomial equals zero. Thus we establish the uniqueness of the
function ¢g from the Lemma. O

6. Double Layer Potentials

Consider in the domain D integrals

o) = 1 [FHO i, e, (6.)
Qo) =1 [0 s e, (62

with real density , where n = nq + ino is the exterior unit normal on the Lyapunov contour I'.
Integrals (6.1) and (6.2) can also be considered for z =ty € I'. In this case we denote them by P*¢
and Q* g, respectively. Since I' is a Lyapunov contour, similarly to Lemma 3.1 one can check that the
kernel of the integral operator P has a weak singularity. As for integral (6.2), it is singular, like the
respective Cauchy integral.
Since dt = in|dt|, these integrals are related to the Cauchy type integral by the formula

. 1 [ p(t)dt
(POI:) - (@) = = [ Z92, (63)
T t—z
T
Therefore the functions Py and Q¢ are harmonic in the domain D. Equality (6.3) immediately implies

that the operators P and @ are bounded LP(I') — hP(D), p > 1, and the formulas

(Po)" =p+Pp, (Qp)" =Q" (6.4)
for their boundary values hold. For the same reasons under assumption I' € C'1¥ these operators are
bounded C#(T') — C*(D) and C1*(T") — CY#(D), 0 < pu < v. It is also well known that the operator
P is bounded C(T") — C(D).

Integral (6.1) is a classical double layer potential. We construct generalized double layer potentials
for the solutions of the Lamé system and their conjugate functions by the same scheme starting from
matrix (2.1), a Cauchy type integral for J-analytic functions and the matrices b, ¢ that appear in
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Theorems 2.1 and 2.2. For this purpose, in notation (3.1) we introduce homogeneous matrix functions
of order —1 of the variable £ = & + i by the formulas

Hui(€) = Im[b (i€) €507, Haa(€) = Imle (i€) 1€ e,
Hyy(§) = Tmlc(i€) €507, Hia(€) = Im[b (i€) &5 71

Note that in the explicit form (i€) ;¢! = (=& + &1J)(&1 + &J) L. Evidently, the matrices H (€) are
homogeneous of order zero and by Lemma 2.1 do not depend on the choice of b. These matrices define
the integral operators

(6.5)

(P =+ [FEO o e, e, (6:)
Prol(e) =+ [BROC 0l wyewiad, wer. ©7)

As in the case of P*, the kernel of the operators P;. has a weak singularity, which due to the
evenness of the matrix functions H (&) can be established in a way completely similar to the proof of
Lemma 3.2. Therefore by Lemma 3.1 the operators P} are compact in LP(I").

The next lemma describes the relation of the functions Py, with the Cauchy type integral Iy
introduced in Section 3. It is convenient to introduce the class hP for functions w = Py by the
condition of finiteness of the respective expression on the right-hand side of (3.8).

Lemma 6.1. The following equality holds:
[Im(bkb, )]Q¢ + Pirg = 2Relbil (b ' 0)], ko =1,2, (6.8)

where, for the sake of uniformity, we put by = b, bo = c. In particular, the operators Py, are bounded
LP(T) — hP(D), p > 1, and the following formulas for angular boundary values hold:

(Pkkgp)-i_ = + P]:k;soa k= 1727
(Po1o)t = [Re(eb™ D))o + P, (6.9)
(Prag)™ = [Re(be™ )] + Pl

Proof. In terms of the tangential unit vector e = in one can write e£~! = |¢|2[Re(n€) — i Im(7)] or
€% (e1 + dez) = [Im(7E)]€ + [Re(TE)]i.
Since the expressions in square brackets are real, this yields
€% = Im(mE)Jes + [Re(@E))(i€).r-
which due to definition (6.5) leads to the equality
€17 Im[byg s e)by '] = [Im (7)) Im(byb; ) + [Re (7€) Hir (€).

By (6.2), (6.6) this implies (6.8).
A similar equality holds for the integral operators with a “star” superscript:

[t (beb; )] Q5p + Pl = RelbrS (b, ). (6.10)
On the other hand, application of formulas (3.7) and (6.4) to (6.8) yields the relation
[ (bb; )] Q5 + (Perp) ™ = [Re(biby )] + Re[bp S (b, ).

Together with the previous equality this implies (6.9). O
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Due to (6.5) from (6.8) and Theorems 2.1, 2.2 it immediately follows that the following pairs are
the solution u of the Lamé system and its conjugate function wv:

u= Py, v=[Im(cb")]Qop + Pory;
v = Pap, u=[mbc)]Qop+ Piagp.
Accordingly, it is natural to call the integrals Pi1¢ and P generalized double layer potentials for

the solutions of the Lamé system and their conjugate functions, respectively.
The previous results extend to the spaces of continuous functions as well.

Lemma 6.2. LetI' € CY, 0 < pu < v and let X denote any of the symbols C, C*,CY*. Then the

operator Py, is bounded X (I') — X (D), and the operator P}, is compact in X(I').

(6.11)

Proof. First consider the operators Pg.. The boundedness of these operators C*(I') — C*(D) follows
from equality (6.8) and from the similar property of the operators @ and I. For the classes O, the
proof is based on the differentiation formula for the Cauchy type integral ¢ = Ip. Let ¢ € C1(T") and
Dy denote the derivative ¢ in the arc length parameter on I' measured in the positive direction. Then

one has 96 ) )
o) = 5 [t = 27es®pldt =~ [1D =27 el
r r
0p 1 _ 1 _
) = 3= [ =27 @l = = [1DI6 =27 e,
r
which after a partial integration yields differentiation formulas
oI _ oI _
—(af) = I(e;' Dy), —(af) = I(Je;' Dy). (6.12)

Due to (6.4) we have similar formulas for the operator Q:

IQy) _ L [ (De(t)|dt] OQp) _ - |1 [ (Dp(t)|dt]
ox = E/ t—2z ’ oy tm 77/ t—z
r r

(6.13)

Applying these formulas to (6.8), we arrive at the boundedness of the operators Py, : cChrT) —
CL(D).

The proof of the assertion of the Lemma under consideration for the spaces C is based on the
estimate

Re[n(t)(t — =
sup [ LR 2

zeD |t - Z|
r

|dt| < oo,

which is well known for the classical double layer potentials. Since the elements of the homogeneous
matrix function H of order 0 do not exceed some constant in the absolute value, we have

52}3/ |Re[7|lt(t_)(;f|2— 2l Hio (1 — 2)]|dt] < oo, 610
iy

where under |H (t — z)| we understand some norm in R?*2. Therefore we will establish the assertion
under consideration if we show that for ¢ € C(T') the function (Py.p)(z), z € D, has a limit at a
fixed boundary point ¢y € I'. According to (6.8), the operator Py, takes constant vector functions into
constant ones. Therefore we can consider without loss of generality that ¢(tg) = 0. If o C I'is a
neighborhood of the point tg, then, evidently,

Mo T

H(t — to)p(t)|dt]

515



as t — to. On the other hand, by (6.14) with an appropriate choice of I'y a similar integral over I'y
can be made arbitrarily small in absolute value uniformly in z.

We turn to the operators P;,.. Under the assumption I' € C1¥ their compactness in the spaces
CH(T') and C*(I'), 0 < p < v, is established with the help of Lemma 3.1 in a way completely similar
to the proof of Lemma 3.2. One must just consider that the homogeneous matrix function Hg,.(§) of
order zero is even. As for the last case of the space C1#, we preliminarily deduce the differentiation
formula B

DPF;p = P,Dp, ¢e CHH(D), (6.15)
where the operator ﬁ,;; is obtained by a change of n(t) with n(ty) in the integral on the left-hand side
of (6.7).

The proof is based on the use of differentiation formulas (6.12) and (6.13). Let the operator Q* be
obtained from Q* in a similar way by a change of n(t) with n(¢p) in the integral. Also, put S = eJSe}1
or, in the explicit form,

Belto) = = [ estta)(t — ) e(oldel, to€T.
r

Then, as in the proof of Lemma 6.1, we see that an equality similar to (6.10) holds for the operators
under consideration as well:

[Im(bib, )] Qb + Privp = RelbrS (b, o). (6.16)
Further fix a point to € I and substitute the partial derivatives of (6.12) into the expression
(L) Oly)

el(to)w(z) + eg(to)a—y (Z)

Then in the limit as z — ¢y due to the Sohocki-Plemelj Formulas (3.7) we get 2D(Ip)*t = Do+ §Dcp.
On the other hand, differentiation of the Sohocki-Plemelj Formula yields a similar equality 2D(Ip)" =
Do+ DSp. Comparing it with the previous one, we obtain a differentiation formula DS = SD for the
singular operator S. In a completely similar way, using (6.13), we obtain the equality DQ = QOD for
the operator @). Acting on equality (6.10) by the operator D and applying these formulas, we obtain

[Tm(bid; H]QDp + DPY,p = Re[byS(b; ')
Together with (6.16) this implies (6.15).

As above, we see that the operator P}, is compact in the space C*(I'). Due to (6.15) this implies
the compactness of the operator P} in C1#(T"), which completes the proof of the Lemma. O

If the conjugate function is represented by one of the two ways (6.11), by formulas (2.16) one can
determine the elements of the stress tensor o. Therefore the differentiation formulas for the function
v play an important role in representations (6.11). They immediately follow from relation (6.8) of
Lemma 6.1 and differentiation formulas (6.12) of the Cauchy type integral.

Lemma 6.3. Let o € CY(T") and Dy denote the derivative of ¢ in the tangential direction e = in on
I'. Then

Sote) =1 [ tilett - 23 YD) O,
r
o) = [mlese - 25t D) o)t
r
if v = Py, and 5 .
Goe) = [ 1mlet = 2); 0D 0],
r
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o) = [mlese - 251 D) o)t

r
if the function v is the conjugate of u = Pi1p.

7. Integral Representations of Double Layer Potentials

Consider the representation of the solutions of the Lamé system and their conjugate functions by
generalized double layer potentials. Preliminarily we describe the kernel ker P11 = {¢ € LP(T") |Pi1p =
0} of the operator Pj;. By Theorem 3.1 the analogous kernel of the operator I consists of complex
functions that are constant on simple contours making I" (and vanish on the external contour in the
case 0(D) = 1 of a bounded domain). Therefore due to (6.8) analogous real vector functions belong
to the kernel ker Pj;. In fact, they completely describe this kernel.

Lemma 7.1. Let the domain D be bounded by the contour I' € CW consisting of connected compo-
nents I'1, ..., Iy, and in the case of a bounded domain let the contour I'y, encompass all the other
components.

Then the kernel of the operator P11 consists of functions that are constant on the connected compo-
nents I' and vanish on Ty, in the case of a bounded domain. In particular, dim(ker Pi1) = 2lm—o(D)].

Proof. Write equality (6.8) for the operator under consideration:
Piio = 2Re[bI(b71p)]. (7.1)

Assuming P;1¢ = 0, consider the Cauchy type integral ¢ = I(b~1¢) in the domain D and the analogous

integral in the complement D=C \ D, which will be denoted by ¢ = I (b Ly). For the boundary
values of these functions by (3.7) one can write:

¢t —yT ="l (7.2)

where we have taken into account the fact that the contour I' is negatively oriented with respect to
D.

According to (7.1) the assumption P = 0 means that Reb¢ = 0. Therefore the function ¢ is
constant in the domain D; more precisely,

bp = i, € € R2
y (7.2), since ¢ is real, hence we get
Imby~ =&, @=—Rebyp. (7.3)

Consequently, the function uy = (Im b)) — ¢ is a solution of the homogeneous Dirichlet problem for the
Lamé system in the connected components of the open set l~) and by Theorem 5.1 it is identical zero.
Therefore the function % is constant in the connected components of D. If the domain D is bounded,
then the domain D,, is unbounded, and since (00) = 0, the function ¢ = 0 in D,,. Together with
the second equality (7.3) this implies that the function ¢ is constant on the contours I'; and in the
case o(D) = 1 it vanishes on I'y,. O

The next main theorem similarly to 3.1 solves the problem of representation of the solutions of the
Lamé system by generalized double layer potentials. According to (7.1), the function u = P can
be written in the form u = Reb¢, where the J-analytic function ¢ = I(b~1¢) is single-valued in the
domain D. Thus the conjugate function of u = Pjj¢ is single-valued in the domain D. In addition, in
the case (D) = 0 the function Pj;p vanishes at infinity. Therefore in notation (4.12), (4.13) functions

017



of the form
m—1

Re bLj?]j, O‘(D) = 1,
=1

u=2g "’

i Rebn; = 0,¢ € R?, (7.4)
£+ > RebLjn;, o(D)=0,

j=1
cannot be represented by the potential Pj1p. Note that these functions form a space of dimension

2[m — o(D)]. In fact, the complement to this space is the image of the operator Py;.

Theorem 7.1. Let the domain D be bounded by the contour I' € CYV consisting of connected com-
ponents I'y, ..., Ty, and in the case of a bounded domain let the contour '), encompass all the other
components. Then any solution u € hP(D), 1 < p < oo, of the Lamé system is representable in the
form

u= P1o+u (75)
with some @ € LP(I") and the function ug of form (7.4), and the last function is uniquely determined
by u.

ylfu € X(D), where X denotes any of the symbols C, C*, C**, 1 < v, then also p € X(I).

Proof. The proof of the first assertion is almost obvious. By Lemma 6.1 the composition of P;; with
the operator of the Dirichlet problem (2.1) is a Fredholm operator 1 4+ P}; with index zero, therefore
due to Theorem 4.2 and well-known properties of Fredholm operators [14] the operator Pj; is also
Fredholm and its index equals 1. In particular, the image im Pj; is closed and its codimension coincides
with the dimension 2[m — (D) of the kernel ker Pj;. Since the space of functions (7.4) has the same
dimension and does not intersect the image S Py, this implies the validity of the first part of the
Theorem.

The second assertion is a corollary of Lemma 4.1. In fact, if u € X (D), then according to (7.5) the
function ¢ € LP(T) is a solution of equation ¢ + Pj;p = f; with the right-hand side f; = u™ —ug €
X(I'). By Lemma 6.2, the operator Pj; is compact both in LP(I") and in X (I"), so that the identity
operator is a regularizer of 1 + Pj;. Therefore due to Lemma 4.1 the function ¢ € X(I). O

Theorem 7.1 allows one to reduce the Dirichlet problem in the space h? (D) to an equivalent Fredholm
integral equation in LP(T"). Let k = 2[m — o(D) and g1, ..., gr be the base of the space ker P;. Let
also uq, ..., u be the base of the space of functions of form (7.4). Then by Theorem 7.1 the operator

k
Po=Pup+ Y (e.)u, (p.9) = [ w(tlglo)id],
1 r

is invertible LP(T') — hP(D) and the Dirichlet problem ut = f reduces to the equivalent Fredholm

equation of the second kind
k

o+ Pho+ Y (pg)u) = f (7.6)
1
If ¢ is a solution of this equation, then the first pair in (6.11) defines the solution w of the Dirichlet
problem and the respective conjugate function.

As we see from the proof of Theorems 3.1 and 5.1, the solvability of the Dirichlet problem for the
Lamé system reduces to that of a singular integral equation on I'; which does not allow to consider this
problem in the class C'(D) in the framework of this approach. It is known [11] that the construction
of classical double layer potentials is based on the fundamental matrix of solutions for the original
elliptic system. For the Lamé system versions of matrices of this type were suggested in [10], but the
double layer potentials constructed with their help also reduce the main boundary value problems for
the Lamé system to singular integral equations on the boundary. An advantage of the generalized
double layer potentials under consideration © = Pj1¢ is the possibility they give to reduce the problem
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to the Fredholm Eq. (7.6) which is free from the aforementioned drawback. Note that these potentials
are related to the version Re[(27i)~!bIn z;] of the fundamental matrix of the Lamé system.
We turn our attention to he operator Pso and, similarly to the above, first describe its whole kernel.

Lemma 7.2. Under the hypotheses of Lemma 7.1 the kernel ker Pao of the operator Pss consists of
functions ¢ such that in notation (2.30) one has

SD‘FJ- :£j+Aj(x£0+y£1)|Fj7 1§]§m_U(D)7 (77)

ely, = AmIm (ctiol, ), o(D)=1, (7.8)

where &; € R2, Aj € R and the function 1 is defined as in Lemma 5.1 with respect to D,y,.
In particular, ker Pyo D ker P; and dimker Pos = 3m — 20(D).

Proof. 1t is similar to that of Lemma 7.1. Let Pa¢ = 0, so that for the integral of the Cauchy type

¢ =1I(ctp) and vy = I(c ') in D and D, respectively, we have the relations

Recp =0 (7.9)

and ¢t — 1)~ = c~lp. The last complex equality due to (7.9) is equivalent to two real ones:
Imecy™ =Imep™, (7.10)
¢ =—Recy™. (7.11)

The converse is also true: if some functions ¢ and v in the class H? satisfy (7.9) and (7.10), then
¢ = —Recy™ € ker Pyy. In fact, then we have ¢+ —9~ = ¢ty ar~1d the Cauchy formula (3.3) applied

to ¢ in the domain D and to ¢ in the connected components of D yields equalities

¢=1(crp), Y=1I(c"y)
the first of which together with (7.9) means Pap = 0.

The further arguments will be given separately for the two cases of the bounded and unbounded
domains.

1) Let the domain D be unbounded, Then by Theorem 2.2 from (7.9) follows ¢ = 0 and (7.10)
becomes the equality Imcip)~™ = 0. Then by Theorem 5.2 in each component 13]- of the open set D
the function Im ¢y identically equals zero. By Theorem 2.2 we conclude that in the domain 13]- the
function ét)(z) is a polynomial of form (2.29), i.e., in the notation of Lemma 2.3 one has

(z) = i(n; + A\jzge), z€ D, (7.12)

with some 7; € C? and Aj € R. It remains to note that ¢ = —Rectp™ for functions of form (7.11) are
described on I'; by equality (7.7).
2) Let the domain D be bounded. Then Eq. (7.9) defines the polynomials ¢ = p of form (7.12):

p(z) =n+ Azje, z€D.

In the case j < m—1 problem (7.10) for the function ¢ in the bounded domain ﬁj can be rewritten in
the form Reci(y) —p)~ = 0 so that ¢ — p is defined by the right-hand side of (7.12). Since Recp =0,
for the function ¢ = —Recy)~™ we have expression (7.7).
As for the unbounded domain ﬁm, equation (7.10) with respect to ¢9 = —it) in this domain can be
written in the form
Rec¢, = Rec(—ip) ‘Fm’

By Lemma 2.3 we can apply Lemma 5.1 to the problem under consideration, which yields the existence
of a unique function ¥ = i¢g satisfying this boundary condition. Accordingly, ¢ = —Recty)™ on I'y, is
defined by formula (7.8). O

519



Note that under the assumption I' € C1¥ function (7.8) belongs to the class C1#(T') for any p < v.
The class of functions of this type is briefly denoted as C1*=%(T).

Consider representation of conjugate functions by potentials Pyop. As in the case of solutions (7.4)
of the Lamé system we see that the functions of the form

m—1
>~ RecLjn;, o(D) =1,
v={ 77 1 Recn; = 0,¢ € R?, (7.13)
E+ > RecLjn;, o(D)=0,
=1

cannot be represented by the potential Pasp.

Theorem 7.2. Under the hypotheses of Theorem 7.1 there exists a finite dimensional space V. C
Cv=O(D) of dimension 3m—20(D)—1 containing functions of the form (7.13) such that any function
v € hP(D) conjugate to some (generally multivalued) solution of the Lamé system is representable in
the form

v = Paop+ vy (7.14)

with some ¢ € LP(T) and vy € V' so that vy in this representation is uniquely determined by v.
If v € X(D), where X denotes any symbol C, C*, C**, 1 < v, then also p € X(I).

Proof. 1t is completely analogous to that of Theorem 7.1. Since the composition of Py with the oper-
ator of the Dirichlet problem (5.12) is a Fredholm operator 1+ Py, of index zero, due to Theorem 5.2
we conclude that the operator Py is Fredholm and its index equals o (D). Therefore its image im Psy
is closed and has the codimension equal to k = dim(kerPss) — o(D). Due to Lemma 6.2 similar
arguments hold for the operator Py acting from X (D) into X(I') as well. In particular, in C1#(D)
there exists a subspace V' of dimension k containing functions (7.13) such that decomposition (7.14)
holds for functions v € (D). By dimension arguments this decomposition also takes place in h?(D).
The second assertion of the Theorem is proved with the help of Lemma 4.1 in a way completely
similar to the preceding one. O

As above, Theorem 7.2 allows one to reduce the Dirichlet problem for conjugate functions to an
equivalent system of Fredholm boundary equations. Some changes are required only in the case
(D) =1 of a bounded domain D we consider here. Put k = dim(kerPy) — 1 and introduce bases
g1, .-, gk+1 and vy, ..., vk, respectively, in the spaces kerPyy and V. Consider the operator

k

No =9+ Pho+ Y (9,00 + (gr1, 0)n,
1

where, as we recall, the function n = (nj, n2) denotes the exterior unit normal. Evidently, the functions
© + Pyp = (Paap)t and v;-r satisfy the condition of orthogonality to n. Therefore, if Ny = 0, then
(gk+1,¢) = 0; due to Theorem 7.2 we also have relations Nos = 0 and (gj,) =0, 1 < j <k,
whence ¢ = 0. Thus the operator IV is invertible, and the function N is orthogonal to n if and only
if (gx+1,) = 0. Therefore under the assumption (f,n) = 0 the solution ¢ of equation Ny = f yields
the solution of the Dirichlet problem by the formula

k
v=Prop+ Y (9 0);-
1

520



8. Structure of Matrices Hy,.(§)

Using notation (1.7), introduce the quadratic forms

w(&) = (&1 +11&) (& +11&) = & + s&1& + &3,
2w1(€) = s&7 + 2t&1 € + 5LE3,

(8.1)
_ [t =1)&& + & tle|? >
a0 = (TR e e )
Evidently, it suffices to describe the matrix function
Gir(€) = €] w(&)[* Hir (8), (8:2)

which is homogeneous of order 2.

Theorem 8.1. The matrices G, are defined by the formulas
G (€) = Im[wi () +@(E) (bAH)], (8.3)

where in parallelism with the two cases (i) and (i1) we put
. o 1 vy — V9 0 .. o
ma=g("5 0 ) @a=(g4)

_ sEF + 1618y €T + 511
one =t (8 a8 ). (84)

0
0

O =

and

G21(€) = [€] 7> Re [@(£)Q(€)] Im(cb™") + Ga2(&) Re(cd ™),

- (8.5)
G12(€) = [€]7? Im(be™") Re [@(£) ()] + Re(be™)Gaz ().
Proof. We prove the first equality (8.3) for the cases (i) and (i) separately.
(7). We put
=& +vé
h(f,V) - €1+V§2 ’
then we have
(—&a+ &) (&1 + &) = diag[h(&,11), h(E, v2)). (8.6)
By definition of the matrix A this implies
(_62 + flj)(él + {2,])_1 — h(éayl) ;— h(§7 VQ) + h(éayl) _ h(€7V2)A.
vy — UV
It is easy to see that
h(£7 Vl) + h(é.v V2) — wO(g) h(é.v Vl) B h(£7 VQ) — |£|2 (8 7)
2 2w(€)’ v — Uy w(§)’ )
where wo(§) = (=§2 + 1161) (&1 + v282) + (&2 + 1261) (&1 + 1162).
Therefore
20¢] 7w (©)*bl(—82 + €10) (61 + &) b = [€] Pwo()w(€) + 2w(€) (bAbT). (8.8)
It is easy to check that
Imh(&,v) = w (8.9)
’ [SIEZ '
so that by definition (8.1)
_ |EPwi(©)

Im[h(&,v1) + (&, 1e)] = FGER
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Together with the first equality (8.7) this leads to the relation

Im[(wo(€)w ()] = |€[* Imwy (€)]

for quadratic forms. Therefore according to definitions (6.5), (8.2) the imaginary part of equality (8.8)
coincides with (8.3).
(77). By definition of the matrix A in this case

(e + &) = hew) (14— (14 2 A>_i

—& +v& &1+ v
so that
1 €2
(_52 + glJ)(gl + 52‘]) = h(é.v U) + W(€)2 A.
Putting v = v in the first relation (8.7), we obtain the equality
_w'()
h(é.v U) - 2&)({) ’

which similarly to the previous case () leads to (8.3).

We prove the remaining formulas of the theorem. Equality (8.8) holds for the matrix ¢ as well.
Since the matrix d, which appears in (2.25), commutes with A, the matrix cAc™! in the right-hand
side of this equality can be replaced by the matrix c¢y. A direct check shows that in both cases (i) and

(i) the product
1 s 2t
—1
COACO = 5 < 9 _g > .

2w(©)Pel(—&2 + &) (€ + &) e = wo(§w(E) + 2w(E)(c0ley ).
By definition of the quadratic form wqy in (8.7) we see that it can be written in notation (1.7) as
wo(&) = 2(t — 1)&1&2 + s(€2 — €2). A direct check shows that the expression wy(€) + 2|¢|?coAcy !
coincides with the matrix 2Q(§) in (8.1), so that
W@Pel(—& + &) (6 + &) et = QOw(E). (8.10)
Due to (6.5), (8.2) we get

Thus we have

G22(€) = [¢]7* Im[Q(&)w (€], (8.11)
which immediately results in (8.4). Exactly in the same way, by (8.10) equality

Go1(§) = [€]72|w (&) Tme(—&a + &) (&1 + &oJ) " e (b))
can be rewritten in the form L
G21(£) = €172 Im[Q(w (&) (cb™ )],

whence due to (8.11) the first formula (8.5) follows. The second formula is proved similarly. O

Substituting into (8.3)—(8.5) the respective expressions of Lemma 2.2 for the matrices b and c,
we can calculate the elements of the matrices Gg,. This can be done most simply with the help of
the following bilinear forms of polynomials introduced for each of the two cases of roots v; of the
characteristic equation of the Lamé system:

: Jf)g(ve) — fr2)g(v g

() 1,91 = LD =TI Gy (£, 6) = p10)900) - 0150,

. f)g(ve) + f(r2)g(va)
(1) {f. g} = 5 ;) {f, 9} = f(w)g(v).

In our notation Lemma 2.2 leads to the following expressions for the matrices under consideration.

(8.12)
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Lemma 8.1. If a € Ay, then one has

it = o (et ) )
o (il w0l ) b
= ot (el )
If a € Ay, then one has
ot = L (e et ),
o= [pl,lps] < —[]E;,qi] —[I[);;,qclzi] > (514
“qﬂJm<$ﬁhﬁﬁﬁy

Finally, in the case o € Ay one has

1 vVoarax—a3 (10 -1 —iv/a1/as -1
bAb™ = X— |, b =as , ,
NGTTT 0 — 1 —iy/ag/as
bc_l _ 1 < —’L\/Ozz/O&g 1 >
Jaioag — a3 -1 —iy/ a1 /as

Proof. In accordance with the two cases of the roots, relate to the pair of polynomials f;, fo the matrix
, fi(n)  fi(ve) > . < hv) fi(v) >
1) W(f1, = , o (e2) W(fy, = .
ot = (400 Hn ). @wimm=(40) 4
It is easy to see that for its determinant we have the expression

(i) det W(f1, f2) = (1 —w2)[f1, fo], (i) det W(f1, f2) = —[f1, fal,

so that the invertibility of this matrix is ensured by the condition [f1, f2] # 0.
According to Lemma 2.2, in this notation we can write

b= W(p27 _p3)7 c= W(_Q?H q2)7 [OAS -’417
b= W(_p3apl)7 c= W(—ql,q4), a€ As.

A simple calculation shows that in both cases (i) and (i7), the same equalities hold:

41 {fi,92} —{fu.o}
W (f1, f2) AW (g1,92)) " = [g1, 9] ( {f2, 92} —{fe, 0} > ’

1 1,92 =11, 9]
W (f1, f2)[W (g1, 92)] " = 91, 2] < [flz,gz] —[f;,gi] >

Substituting expressions (8.16) into these formulas, we arrive at the validity of formulas (8.13) and (8.14).
As for (8.15), these equalities are obtain directly from (1.15) and (2.23). O

(8.15)

(8.16)

It is important to note that by Lemma 2.1 for o € A; N Ay the respective matrices in (8.13)
and (8.14) coincide. Explicit expressions for the elements of these matrices are obtained by calculation
of forms (8.12) for polynomials (1.6) and (2.20). In particular, formulas (8.3)—(8.5) together with (8.13)
show that the kernels Py,(n,&) depend only on o € A; U A5 and are continuous functions of variables
Q.
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Starting from concrete expressions of polynomials (1.6) and (2.20), we can easily calculate the
elements of the matrices on the right-hand side of (8.13) and (8.14). Since the form [, | is skew
symmetric and the form {, } symmetric, it suffices to know the values of these forms on the basic
elements 2z, 0 < i < 3. These values depend only on the simplest symmetric combinations of (1.7).
In particular, the elements of matrices (8.13) can be calculated by the formulas

[p3, 2] = as(as + a4) — 2a506 + (azas — asag)s + [202 — as(as + aa)lt,
(3. 2] = B3 — BuBss + (B8 — 2B1B4)t + B1B1s* — B1Bsst + Bit2,

D2, q2] = 20584 + 36 + (q2s — a3PB1)s — (26 + 2551 )t,
[p2,q3] = —asBs + asfss — asfi(s® — t) + (2 + 20566t — 205815t — 112,
[p3,q2] = (a3 + ou)Bs + a6fs + (504 — asfr)s — [asBs + (a3 + aa)Bilt,

[p3,q3] = —a6Ba + asBss — aeBi(s? — t) + [asBa + (a3 + au) Bt
—(a3 + o) Brst — asPit?,

{p2,pa} = a3 + 402t + a3t? + 2a3a5s + asag(s® — 2t) + 2aza5st,
{p3,p3} = a2 + (a3 + ag)*t + a2t + (a3 + ag)ags + asag(s? — 2t)
+(a3 + aq)asst,

2{p2,p3} = 2az06 + [2a506 + az(as + au)]s + 4(az + aq)ast
+(agap + azas)(s? — 2t) + [aa(as + ag) + 208]st + 2apast?.

In the case of an orthotropic medium the above formulas for the matrices G(§) are essentially
simplified. In this case either o € A; N Ay and one can use each group of equalities (8.13) and (8.14),
or one has a € Ag. Let a € A1 N A, ie., a5 = ag = 0 and a3z + a4 # 0. Then also f5 = S5 = 0, so
that the preceding formulas take the form

[p3, p2] = as(as + au) — as(ag + a)t, [g3,q2) = B + B1Ba(s> —t) — B1fat + Bit?,

(D2, q2] = (2Bs — a3fh)s,

[p3,q3] = —(az + 044)/318?5,2 2{p2,p3} = 0243(032-’-2044)8 + 0422(03 + ay)st,
(D2, q3] = —a3Bs — azfi(s” —t) {p2,p2} = a3 + ast” + avas(s® — 2t),
+aofat — azBit?, {ps,ps} = (a3 + au)?t.
[p3,q2] = (a3 + ) Ba — (a3 + ) Bt
Since 1 = agas, B4 = —azay, due to (1.22), (1.25) after elementary transformations we get
[p3, p2] = (a3 4+ au)(a3 + Varaz),  [g3,q2] = az(a3 + ag)(arag — 0021),
, = —ipgaaas(as + ay), .
P2, g2} Iy poazaz(as 4)2 2{p2,p3} = ipo(as + ay)(az — J/araz),
[p3, q3] = ipoasas(as + ay)p?, (pa, o)} = (a3 + g)?
P2, 4s] = [ps. €2 {ps. s} = — (a3 + aa)2p.

= ag(az + au)(y/aron — au),

As a result, for matrices that appear in (8.13) and (8.13) we obtain the following expressions:

AL = 1 —ipo(asz — araa)  —2(az +aa)
2(0&3 + w/OélOéQ) —2p2(a3 + a4) ipo(Oég _ /—041042) 5
bl = _* _1‘/70042/72 —(arog — ay)
ag + Jajag \ /a1og — oy —ipocra )
be ! = ; ipoQra —(yarog — ay) .
ajay —aj \ Varaz — oy ipoiap?

Hence after elementary calculations

G (g) — L ( p2(a2€% + 0436%) (043 + (14)51{2 >
H a3+ arog \ PAlas+an)éils  as+ar&d )
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2 2
cuio-n( 8, 755)

Go1 (&) = _ ®pLo PX1Eg1(€)  —planE? — 62
az +/araz p2 [042? + 5{%] £16292(8) )

Gra() = — 20 —61601(6)  pP[PPang? — 8€3]
arag — a3 —pQOézéé + 55% —p%16900(€)

where for brevity § = /a1as — ay, EZ = E% — p2£§ and we put

9;(8) = ax(p® + DL + (=1 [aapp&3 1€ > = 8], j = 1,2,

These formulas are even simpler in the case of an isotropic medium, where relations (1.26): a3 =
Qs = 2as + ay or, equivalently, p = 1, pg = 2. In particular, § = 2a3, g;(§) = 2(—1)/(q — a3),
2 = €2 — ¢2. In this case we have the multiple root v = i and the inequality a; > 3. In terms of the
positive constant s = (a1 + ag)/(a; — ag) this yields

=2 (U S e (RN )

Gii(€) = € +-G1(&),  Gnl€) = |EP +G1(©)

G () = (e = VI + 2629, Cra(§) = r;[w — DI - 262(9)E,

where we put

&-8 26 > < #(f - &) 266 > ( 0 -1 >
G — s G = , E — .
w0=(Sas’ &% ) o= ("G g0 1o
Thus according to definitions (6.5), (6.6), and (8.2) the operators Py, (k,r = 1,2) can be written
in the form

1
Py :P+;P1, Py =P + Py,

Q 1
Py = s [((r—1)P+2P)E, Piy=-—[(»>—1)P—-2R]E,
V 40&3

where

L [ Rl

o)) == [ =

i (t = 2)p(t)|dt].

Respectively, according to (6.11) each pair of equalities
1 « «
u=Pp+—Pp, v= —3(%+ Qe + —3[(%— 1)P + 2P| Ep,
» » >
1 1
= — 1 —[(3c—1)P - 2R)E =P P
u 4a3(%+ )Qs0+4a3[(% ) 2JEp, v=Pp+ Py

defines the solution u of the Lamé system and its conjugate function v.
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9. Dirichlet Problem in a Piecewise Homogeneous Medium

We illustrate the above results on the Dirichlet problem for the Lamé system with piecewise constant
coefficients. Let a bounded simply connected domain D in the plain have a smooth contour I'y € C1¥,
0 < v < 1, as its boundary and contain a simple smooth contour I'y of the same class that divides
this domain into a simply connected subdomain D? and a doubly connected one D'. Consider in D
the Lamé system (1.1) with piecewise constant coefficients taking constant values a;; = ak k=0,1,

i)
k k

in the domain D*. The sense of notation aj = aj, as well as u = u¥, v = vF for the vectors u, v and

o = o for the stress tensor, is similar.

Let n* = (n¥,n%) denote the exterior unit normal vector on dD* (with respect to the domain D¥),
in particular, on the contour I'y = 9D° N 9D the vectors n® and n' are opposite. The solution u of
system (1.1) in the domain D will be understood as the function u such that its restriction u* belongs
to the class C1(D* NTy), k= 0,1, and is a classical solution of (1.1) in each domain D*, and on Iy
it satisfies the contact conditions

0

(u® — ul ‘1—‘0 =0, (c"n°+ 01n1)|ro =0. (9.1)

In particular, the function « is continuous in the domain D.
The contact conditions mean that under an additional assumption of integrability of the partial
derivatives Ou/0z;, where x1 = x, 2 = y, the function u satisfies the identity

ou Oy o
Z/wa Ldo =0, ¢eCFD)

7.]_

In other words, the function w is a generalized solution of system (1.1) in the domain D written in the

divergence form
2

9z \ Mg ) T
byt ox; Ox;
This fact immediately follows from (2.13), (9.1) by means of partial integration.
In terms of the conjugate function v the second contact condition in (9.1) can be integrated. Let

(v*). denote the derivative on I'g in the clockwise direction. Then, putting n = n® = —n! on Ty,
by (2.13), (2.14) we have the relation o*n = (v*)., and as a result (9.1) becomes
0_,1 _ 0_,1 _
('LL _u)‘po_oa ('U _v)‘ro_é (92)

with some constant ¢ € R2.
Consider the Dirichlet problem

u‘rl =f (9.3)

in the domain D for the solution u € C(D) of system (1.1) in the above sense.
It is well known [6] that this problem is uniquely solvable in the Sobolev class W2(D). The unique-

ness of the solution is proven directly. In fact, under the assumption u € C 1(@) by Green’s Formula

we have
ou 8u ou
Z/ ot O g —Z / (a k>uds
ij=17 J i.j=1,

If u satisfies the homogeneous boundary condition (9.3), then the integral over I' in this equality for
k =1 disappears, and after summation of these equalities due to (2.13), (9.1) we obtain the relation

ou 6u
Z / i G axz =0. (9.4)
7.] 1D
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Therefore in each domain D* the function u*

k=0,1, j =1,2,3, that

is a trivial solution, i.e., there exist such constants

] b
ui(w,y) =y +ef,  ui(z,y) =~z + .

Substituting these expressions into (9.2) and into the homogeneous boundary condition (9.3), we get

c;? = 0.

Note that in the doubly connected domain D' the conjugate function v! is, generally speaking,
multivalued and can get a nonzero increment while tracing I'g. On the other hand, in a simply
connected domain D° the function v° is always single-valued. Therefore under contact conditions (9.2)
the function v! will be single-valued as well.

The main purpose of this section consists in equivalent reduction of problem (1.1), (9.3) to a system
of Fredholm integral equations on I'g U I'y, which will be uniquely solvable due to the uniqueness
theorem.

Note that matrix (2.19) is invertible in each domain D¥. This fact can be extended to the case of
two pairs of matrices b and c.

1

Lemma 9.1. Let matrices o, k = 0,1, of form (1.2) be positive definite, and let matrices b*, c*

k. Then we have
0 b1
det < 0 > £ 0. (9.5)

correspond to .
Proof. Suppose the contrary. Then there exists a nonzero vector 1 = (no,ﬁ) € C* such that
VO’ +oint =0, On°+clpl =o0.

In particular,

t+1 t—1 t+1 t—1

Let GV and G' denote the upper and lower half-planes, respectively. Consider in G = G® U G the
analytic vector function

1
Re<bo77 bln > Re<con —1—0177,):0, teR.

[ (=z+i0)7Y, ze DO,
Y(2) —{ nl(z_ i)~ L ,eD!,
in terms of which the previous equality becomes
Re(b%¢° + b'") |, = Re(0%9” + b'yh)|, = 0. (9.6)
Let V , j = 1,2, be the roots of the characteristic equation p1p2 (jz)"?f)2 = 0 that correspond to

the matrlx of. Consider JF-analytic functions ¢*(x,y) in the domain D* related to ¢* by (2.32)
and (2.33). Here we take into account the fact that for Imv > 0 the transform z + iy — = + vy takes
the half-plane D* to itself and leaves fixed its boundary points = € R. Here ¢*(z) = 1* (). Therefore,
the relation (9.6) also holds for the functions ¢*. But then for the function u = Re by satisfying the
Lamé system in the domain D* with the elasticity matrix o* and for its conjugate function v = Re c¢,
the following contact relations hold:

(u® + ul) ‘R (° + vl) |R—0

on the axis R. As above, hence we conclude that equality (9.4) holds for the function u on the whole
plane D = C. In its turn, this is possible only for « = 0, which leads to a contradiction. This proves
assertion (9.5). O

Consider the formulation of the Dirichlet problem (9.2), (9.3). Denote by a superscript k the
operators P, () and P;; from Section 6 with respect to the domain DF k =0,1, to the exterior normal
n® on OD* and to the elasticity matrix a. The notation P**, Q** and PZ-’;»* for the boundary operators

has a similar sense. According to Theorem 7.1 any solutions u* € C (ﬁ) of the Lamé system in the
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domain D* (such that for k& = 1 the conjugate function v!

form

is single-valued) are representable in the

u’ = Phe°, ul =Pyt (9.7)

with some vector functions ¢° € C(I'y) and ¢! € C(Ty UT) so that u® = u! = 0 in these representa-
tions implies

W =¢', =0, ¢, R (9.8)
For the sake of brevity, put d = cb~1. Then by (6.11) we have
oF = —Imd*QFp* + PR * k=0,1. (9.9)

Therefore due to Lemma 6.2 boundary conditions (9.2), (9.3) are reduced to an equivalent system of
equations with respect to (¢, !, &) defined by the equalities

goo—gol—l—PlOl"‘goo—Plll"‘gpl =0 on Iy,

—(Im d*)Q™ ¢ + (Im d)Q* ¢! + (Red”)® — (Red")e*
+PYe® — Pliot =¢ on T,

ot + Pt =f on Ty.

(9.10)

From the viewpoint of the solvability it is convenient to consider instead of this system the one with
respect to the pair (¢, ') only, which is defined by the equalities

@0 — ot + PYo® — Pligl =0 on Ty,
_(Im dO)QO*QOO + (Im dl)Ql*gol + (Re dO)QDO _ (Re dl)gpl
Jj=12 Ty
¢!+ Plipl =f on Ty,

where (! (¢)l; denotes the scalar product in R? with basic elements I3 = (1,0) and Iy = (0, 1).

Lemma 9.2. The system of equations (9.11) has only the zero solution in the class ¢ € CH#(Ty)
and @' € CHH(ToUTy), 0 < pu<v.

Proof. The functions ¢? € CL#(Ty) and ¢! € CLH#(TyUTy), 0 < p < v, satisfy system (9.10) with
f =0 if and only if the relations (9.8) and £ = 0 hold.

In fact, by Lemma 6.2 functions u* = Pf ¢* belong to C#(D*) and define the solution of the
homogeneous Dirichlet problem in the domain D. Therefore, as it was shown above, these function
equal zero. Therefore by Theorem 7.1 relations (9.8) hold. Due to Lemmas 7.1, 7.2 we also conclude
hence that v! = Py1p! = 0. Therefore the constant ¢ in (9.10) also equals zero. The converse statement
is obvious, since (9.8) implies P p* = 0.

Now let the pair (¢%, ') be a solution of the homogeneous system (9.11). Then by the previous
proposition relations (9.8) and nl; = nly = 0 hold, where € R? denotes the restriction of ¢! to I'y.
Consequently, ¢ = o' = 0. O

For definiteness, put n = n® = —n! on Iy, and for the sake of brevity,

p(n,€) = €| 2 Re(n€), q(n,€) = |¢|*Im(nE), n,& € C.
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Then due to (6.1)-(6.3) system (9.11) can be represented in our notation in the following explicit form:

woﬁw‘—@lﬁw'%%u/Phﬂﬂ7t—td > HY(t — to)@" (¢)|dt|—
To k=0,1
~ [ ot @)t =t ¢~ o) @)t =0, 0 € T,

I't
Re[d¢(to) — d' ¢ (to)] — %/q[n(t),t — to] Im[d°¢°(t) + d" " (t)]|dt[+
o
b [ oot —ta] Y H (-~ to) 0l
I k=0,1
. / [p(n}(£),t — to) H (t — to) — q(n(£),t — to)](TIm V) () de|+

T
Iy

+ll/<p1(t)ll|dt\ +lg/¢1(t)lg|dt\ =0, toeTly,

To To
o to) + 5 [ plnt 1)t~ tolth (¢ — 1) D)l
I
— [ plnle),t =~ wllEh ¢~ o) @t = F(t0), to € T,

To
This system can be briefly rewritten in the operator form. For this purpose, we put
0 1 1
900:(80 790)|F07 Y1 =@ |F1’

and let operators P and Q§ be defined as in (6.1), (6.2) with respect to I'g, in the space of vector
functions g they act component-wise. Thus similarly to (6.3) we can write

Pf —iQf = Sy (9.12)

with the respective Cauchy singular operator Sy. Further we introduce integral operators Ky, K1 and
Ko1, K19 by the formulas

(Koeo)(to) = = [ pln(®)t ~ ] 3 HEy(t~ to)(e)]

£y k=0,1
(Koo)' (t0) = 5 [ pln(®).t — to] 3 Hh (¢~ to)el @)t +
To k=0,1
+o [ bl + 1 [ oh(otalar, 913
To To
(Kone1)(to) = = [ plnl(0)¢ =t} (¢~ t0) = a(n!2), £ = to))(1m V)1 (1) ]
I
(Koip1)' (to) = %/P[nl(t),t —to]Hy (t — to)gr (t)|dt], to € Lo
I
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and
(Kapn)ito) = ¢ [ ol (0~ tl (¢~ to)or 1)l

s (9.14)
(Kuogo)(to) =+ [ plolt),t ~ tallth (¢~ o)b(O)ldt], 0 € T,
To

In this notation system (9.11) will take the form
(Re D)o — (Im D)Qpp0 + Kopo — Korpr =0, 1 + Kipr — Kiopo = f (9.15)

with the matrix
po( L SLN_ [ e\ )t o
T\ dd —dt ) Dt 0o —@mHt)’

which by Lemma 9.1 is invertible.
According to [13], the operator Sy in (9.12) possesses the property Sg = 1. Since it commutes with
the operator of multiplication by constant matrices, we conclude hence that the operator

(Re D)o +i(Im D)Sy = [D(1 + Sp) + D(1 — Sp)]/2
is invertible, and its inverse is
(Re D™ V)go +i(Im D 1)Sy = [DH(1+ So) + D' (1 — Sp)]/2.
Therefore, writing the first equation of system (9.15) in the form
[(Re D) +i(Im D)Sp — i(Im D) By + Koleo — Korpr — §o =0,
we obtain
w0+ [(Re D7) +i(Im D™ 1) Sp][~i(Im D) Py po + Kowo — Korp1] = 0,
or, after separating the real part,
w0+ [(Re D7) — (Im D™H Qg [Kowo — Korgpr] + (Tm D™1)(Im D) (Py)*@o = 0.
As a result, we arrive to the system of Fredholm equations equivalent to (9.14)
o + Koo — Korpr =0, 1+ K11 — Kiopo = f (9.16)
with the operators
Ko = [(Re D7) — (Im D™1Q3] Ko + (Im D~1)(Im D) (P})?,
Ko = [(Re D) — (Im D~ 1)Q§] Ko

10. Regularity of Matrix Kernels of Integral Operators

Consider in more detail the structure of matrix kernels of operators in (9.16) including the depen-
dence of their regularity upon that of the contours I';. For this purpose, write the operators Fy and
Sp in the complex form, setting

<%%wwzi/%%@ww@ P (fo.t) = _fo)l

mg tot n(t)(t — to)
4 mln(®) (7 — 7, (10.1)
@) = = [ B gtyin, - gian,0) = D,

To
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where dt = i(n; + ing)|dt| is the complex differential corresponding to anti-clockwise orientation of
the contour, and we set n = ny + ing, £ = & + i§3. We treat operators (9.13) similarly:

(Kowo)(to) = m/ko(to, t)

t—1to
To

_ Refn(t)(f - 0)]<H11(t—t0) H}\(t — to) >+t—to< 0 0 >

wo(t)dt, ko(to,t) =

T Tt \ Hh—t) Hy(-1) )T \ B B o
k1(to, 1) '
(K1p1)(to) = m/ﬁ@l(t)dt,
I'1
ko (to, ) = R‘;[Z()t();izot)o)]ﬂh(t —to), to,t €T,
where the matrices E; € R2%2 are defined by equalities
1 0 01
a=(o1) »=(10)
and
(Korp1)(to) = %/W (t)dt,
I'1
~ Re[n(t)(t —to)] [ HL(t —to) B Im[n(t)(t —to)] { Imd*
o)== S0 (e ) =it (o ) 03

(K1o¢0)(to) = %/w%(t)dt,

t—to

Re[n(t)(t —
n(t)(t —to)

Further we make use of the following auxiliary result.

klo(to,t) = )]Hll( 0), to € Fl, t e Fo.

Lemma 10.1. Let a function h(§), § = & + &, be infinitely differentiable for & # 0, homogeneous
of order zero and even. Then on the reqular contour I' of the class C™", where m is a natural number
and 0 < v < 1, the function k(t1,t) = h(t; —t) belongs to the class C™1(I' x T') and for t; =t takes
the value hlin(t)], where n(t) = ni(t) + ina(t) is the unit normal to I'.

Proof. Tt suffices to prove the lemma in a neighborhood of a fixed point (tg,tg) € I' x I'. Parameterize
the contour in this neighborhood in the form z = z(s), |s| < §, where s is the arc length parameter
measured from the point ¢3. Then the function

1

/z sT+s1(1 —7)]dr
0

z( —231

a(sy,s) =

S — 81

belongs to the class C™ 1% in the square |s1],|s| < d, and is separated from zero in absolute value
and takes the value 2/(s) for s; = s. Therefore the function k[z(s1), 2(s)] = hla(s1, s)] also belongs to
this class and its value at s; = s coincides with h[2'(s)] = h[in(s)]. This implies the assertion of the
lemma for the function k(t1,t) in the neighborhood of the contour under consideration. O

This Lemma and (10.1)—(10.3) imply that under the hypothesis I'; € C™", m > 1, the functions
Pos @ ko € C™H(Tg x Tg), ki € C™HY(Fy x Ty), (10.4)
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and
po(t,t) =0, qp(t,t) =—i, k;(t,t)=0, 7=0,1 (10.5)
As for the continuous functions kg 1(to,t) and kj(to,t), as functions of the variable ¢y they belong
respectively to C""(I'g) and to C™"(I'1) uniformly in ¢.
Now consider the operator products QKo and (P§)? that appear in expression (9.16) for the
operator K. According to (10.1), (10.2) we have:

* 1 qS(tl,to)dto 1 /k‘o(to,t)go(t)dt
R t = — —_—
(QoKop)(t) / to—t i t—to

v
To To

, 11 € Iy.

Due to (10.5) it is possible to change the order of the two integrations here, where the first one is
singular [13], so that

T
To To

o= o, S

Since
t—11 1 1

(to—t))(t—to) to—t1 to—t

this finally yields

[k* (t17 t, tl) —k* (t17 t, t)]@(t)dt
t—t )

(@Koe)) = [ hety, (10.6)

o

where

. 1 [ g (ty, to)ko(to, 1)dt
k‘(t1,t,t2)=E/%(l ;0)_05520 ) 0

o

Lemma 10.2. Let I'g € C™ 5, where m is a nonnegative integer and 0 < v < 1. Then the function
kE*(t1,t,t2) in all three variables belongs to the class C™V~¢ for each e > 0, i.e.,

k‘*(tl,t,tQ) € Cm’V_O(FO x I'g x Fo). (10.7)

Proof. According to (10.4), the function k(t1,t,t9) = ¢*(t1,t0)ko(to,t) belongs to the class C"™"~9(Ty x
[y x T'y); therefore for m = 0 the assertion of the Lemma follows from properties [13] of parameter-
dependent singular integrals.

In the general case m > 1 we make use of the formula of differentiation of the singular integral k*
in all variables. It is convenient to differentiate the function ¢ on I'y in the complex parameter of the
contour, i.e., as the limit

t) — p(t
t—to,t€lg t—1o
The partial derivatives are understood similarly. It is well known [13] that a singular integral p* can
be differentiated in the parameter under the integration sign:
ok* 1 ok dtg ok* 1 ok dtg
—(t17t7t2) - _(t17t7t0) —(t17t7t2) = _(t17t7t0)

oty m ) Oty to—ty Ot mi ] Ot to—ta
F() 1—‘0

We assert that a similar formula holds in the last variable as well:

ok* 1 ok dt
—(t1,t,t2) = — 0
i

i (10.8)
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In fact, consider inside the contour I'g the analytic function in the variable z

1 [ k(t1, ¢, t0)dto
tit2) = — [ 2
¢( 1, 7Z) 7TZ/ tO — 2
To
Partial integration shows that
foler 1 ok dto
—(t1,¢ = — | —(t1,t,t9)—.
82«'(17 7Z) ) ato(h 70)1‘:0—2
To

By the Sohocki—Plemelj Formula [13] for the boundary values of these functions we have

1 [ k(ty,t,to)dt
¢ (t1,t, t2) :k(tlat7t2)+g/w

)

to — to
o
oo\t Ok 1 [ 0k dto
— t1,t,t0) = —(t1,1,1 — | —(t1,t,tg)—.
(82) ( 1,0y 2) 6t2( 1,0y 2) + i 8t0( 1,0, O)tO 1y

0
Differentiating the first equality in ¢y and comparing the result with the second equality, we arrive at
the validity of (10.8).
The assertion (10.7) of the lemma follows now directly by induction in m from the differentiation
formulas. O

In a completely similar way we establish an analogous result for the operator (P§)?:

[(Pg)zgo](tl) — %/ [kS(thtatl) _tﬁst(lthtat)]@(t)dt’

t € Fo, (109)
o

where by Lemma 10.2 the function

1 [ pp(t,to)py(to,t)dto
ko(ty,t,ta) = E/ ot to)—O(tg )
To

belongs to the class C™"~9(T'y x I'y x T). N
Therefore by (10.2) and (10.6), (10.9) the operator Ky in (9.16) acts according to the formula

. 1 [ kolto, t)p(t)dt
(Kop)(to) = —,/—0( o.t)edt e (10.10)
T t—1o
o
where under the assumption I' € C™+1¥ the function
ko(to,t) € C™O(Ty x Ty), kot t) = 0. (10.11)

The operator K7 possesses a similar property with respect to the contour I'. Thus (4.10) is a system
of Fredholm equations. Before formulating the central result for it, consider the following typical
situation related to this system for an integral operator similar to (10.10):

1 / K(to, t)p()dt
i t—ty
1)

(Kp)(to) = toeT. (10.12)

Lemma 10.3. Under the hypotheses of Lemma 3.1 let the operator K be compact in the space C™H(T),
m > 1. Then any solution ¢ € C(I') of the equation ¢+ K@ = f with the right-hand side f € C™*(T")
also belongs to f € C™H(T).
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Proof. According to Lemma 3.1, the operator K is compact in each space C(I'), CH(I'), and any
solution ¢ € C(I") of the equation ¢ + K¢ = f with the right-hand side f € C*(I") also belongs to
f € CH(I'). In addition, the following Fredholm alternatives hold for this equation:

(1) the homogeneous equation ¢ + K¢ = 0 has a finite number n of linearly independent solutions
Ply---sPn € C(F)7

(2) the homogeneous associated equation ¥+ K't) = 0, where the operator K’ is obtained from (10.10)
by changing k(tg,t) with —k(¢,to) under the integration sign, has the same number n of linearly
independent solutions 1, ... ,1, € C(I');

(3) the inhomogeneous equation ¢ + K¢ = f is solvable if and only if

[t =0 1<j<n (10.13)
I

Note that in fact the functions ¢; and 1; belong to C*(I").

Now let the operator K be compact in C"™#(I"). Then by the Riesz theorem the Fredholm alter-
natives also hold for the equation ¢ + K¢ = f in the class C"™#(T"), i.e., the homogeneous equation
has ng < n linearly independent solutions in this class and there exist such ng linearly independent
functionals over C™#(T") that the fact that they vanish at the function f is necessary and sufficient
for the solvability of the inhomogeneous equation ¢ + K¢ = f. But, since conditions (10.13) are
necessary for the solvability of this equation in the class C""#(I") as well, this implies the inequality
n < ng. Thus we have ng = n, so that assertions 1-3 hold with respect to the class C"™* as well. In
its turn, the second part of the lemma follows immediately. O

Theorem 10.1. Let ['g,T'y € CYY. Then system of equations (9.16) is uniquely solvable in the class
wo € C(T'g) 1 € C(I'y), and f € C"™H(T'1), m = 0,1, 0 < p < v, implies ¢y € C™H(Iy) p1 €
C™HM(T'1). If in addition I'; € C™T1V  m > 2, then the previous assertion also holds for m > 2.

Proof. According to (10.10), the operator IN(O satisfies the hypotheses of the first part of Lemma 10.3,
and so does the operator K; on the contour I'y. In addition, by Lemma 6.2 these operators are also
compact in the space C1#(I'1). Therefore the first assertion of the Theorem follows from Lemma 10.3
applied to the system of equations on the contours I'; and Lemma 9.1. Suppose further that I'; €
C™+1¥ Then the function k(to,t) that defines the operator Ky in (10.10) has property (10.11).
Therefore the operator Ky is compact in the space C™#(I'1), which can be easily shown by induction
in m with the help of the differentiation formula obtained in the proof of Lemma 10.2. The situation
with the operator K is completely similar, and the claim follows now from Lemma 10.3. O
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