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1 Introduction

In this paper we deal with mixed hyperbolic Riesz B-potentials which are fractional powers of the operator

02 L
358 Ay, whereA, = Z;(sz-)xx-’ (1.1)
1=
with X
0 Vi 0
By = — + ——
(Bv)x; axl? X; 0%,
being the singular differential Bessel operator, and v; > 0, ..., v, > 0.

The potential theory comes from mathematical physics. The most well-known areas of its applications
are electrostatic and gravitational theory, probability theory, scattering theory, biological systems, among
others. The Newton potential can be interpreted as the negative power of the Laplace operator. Marcell Riesz
was the first mathematician who considered fractional negative powers of the Laplace operator, which are
now called Riesz potentials (see [8, 9]). Riesz also introduced potentials with Lorentz distances, which are
the fractional negative powers of the D’Alembert operator. Further studies, properties, and applications of
classical Riesz potentials can be found in the books [11, pp. 49, 263], [16, p. 117], [1, p. 131], [10, pp. 483,
554], among others.

In this paper we prove semigroup properties for the mixed Riesz hyperbolic B-potential, find its analytic
continuation and describe the space of images of mixed hyperbolic Riesz B-potentials. This potential is the
negative real power of the hyperbolic operator (1.1). Such operator is closely related to the the problem of the
inversion of the weighted Radon transform over Lorentzian manifolds; for the non-weighted case, see [2].
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1.1 Basic definitions

In this subsection we give a summary of the basic notation, the terminology and some results which will be
used in this article.
Suppose that R" is the n-dimensional Euclidean space,

R? ={(x=(x1,...,xn) € R", x1 >0,...,x, >0},
v=(Vi,...,Vy) is a multiindex consisting of positive real numbers v;, i=1,...,n,and [v|=vy +--- + V.
Let Q be a finite or infinite open set in R™*!, symmetric with respect to each hyperplane x; =0,i=1,...,n,

andlet Q, = Qn(RxR?) and Q, = Qn (Rx R}), where R} = {x = (X1,...,X;) € R", x; 20, ...,x, > O}.
We deal with the class C™(Q. ), consisting of m times differentiable functions on Q,, and denote by C mQ,)
the subset of functions from C™(Q,) such that all existing derivatives of these functions with respect to x;,
foranyi=1,...,n,are continuous up to x; = 0, and all existing derivatives with respect to t are continuous
for t € R. The class cgnv(§+) consists of all functions from C™(Q, ) such that

aZk+1
T o
dxZkrt lx=0
for all nonnegative integers k < "'T‘l and fori=1,...,n (see [17] and [3, p. 21]). In the following, we will

denote C™(R x R};) by C™. We set
C(Q,) =[) Co(Qy),

with intersection taken for all finite m. Let CS9(R x ﬁﬁ) = CX. Let 5g3(§+) be the space of all functions
f € €2(Q,) with compact support. We will use the notations C(Q,) = D,(Q,) and C2(R x R}) = D,.
Let L{,(Q+), 1 < p < 00, be the space of all measurable functions in Q, such that

n
J Ift, \)IPx" dt dx < co, wherex” =] ]x]".

8. i=1

For a real number p > 1, the L{,(Q+)-norm of f = f(t, x) is defined by

Hﬂq&g=(lmthﬂduhym.

Q.

The weighted measure of Q, is denoted by mes, (Q. ) and is defined by the formula

mes,(Q,) = J xV dt dx.
Q.

For every measurable function f(t, x), defined for t € R, x € R}, we consider

w(f, 0) = mes,{t € R, x € R} : |f(t, x)| > 0} = J x¥ dt dx,
{@&,0:1ft,01>0}*

where {(t, x) : |f(t, x)| > o}t = {t € R, x € R : |f(t, x)| > a}. We will call the function u, = p,(f, 0) a weighted
distribution function |f(t, x)|.
Let LY, (Q,) be the set of measurable functions f(t, x) on Q. such that

Ifllzy, ,) = esssup,If(t, x)| = J?gf {uv(f, 0) = 0} < oo0.

(,)€Q,

For1 < p < oo, the L; 1oc(Q+) is the set of functions u, defined almost everywhere in Q., such that uf € L}’,(Q+)

forany f € D,(Q,).
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Let D (Q,) be the set of continuous linear functionals on Q.. Each function u ¢ LK’IOC(KL) will be iden-
tified with the functional u € D’,(Q) acting according to the formula
.l = [ ue 0ftt 0x" dedx, f e D.@,). (1.2)

Q.

The functionals u € Dﬁr(§+) acting as in formula (1.2) will be called regular weighted functionals. All other
continuous linear functionals u € D’ (Q.) will be called singular weighted functionals. We will use the nota-
tion D\ = D' (R x R}).

The generalized function 68, is defined, analogously as in [3, p. 12], by

6y, @)y =0(0), @ €D(Qy).
We will use the generalized convolution product defined by the formula
(= | fryCTige -0y drdy. (1.3)
R+
where VT, is the multidimensional generalized translation
(Tt x) = (1 Tay - " Tt X).

Each of the one-dimensional generalized translations Vi T,’; is defined, fori=1,...,n, by (see [4, p. 122,
formula (5.19)])

vit+l T

(" Tf)(t, x) = W;(l) Jsinvi—l i xf(t, X1seees Xiit, \/xl2 + Y7 = 2X{Y; COS @i, Xis1, - - - ,xn) do;.
21(3) 5

Based on the multidimensional generalized translation T}, the weighted spherical mean MY [f(t, x)] of
a suitable function, acting only by the variables x4, . . ., xp, is constructed by the formula

v
j TOf(t, )" dS, (1.4)
Si(n)

1
(M))x[f(t, 0] =
” IS5 ()l
where
n t (vl
Vi =
v = 1‘[9,. , Sin)=1{0:101=1,0 € R"} and [Si(n), = ’Ll—ivl
i=1 2M (7))

The weighted spherical mean My [f(¢, x)] is the transmutation operator intertwining (A,)y and (Bp+v|-1)¢
for f € C2, (see [15]):
(Bn+|v|—1)rM‘r/ [f(t, 0)] = M;/[(Av)x (t, x)].

As the space of basic functions, we will use the subspace of rapidly decreasing functions

Se(RxR}) = Sey = {f € C& = sup _|t%x*DPft, )] < oo},

teR,xeR}
wherea = (a1, ...,an), = (Bo,P1s- .., Bn),withag, a1, ..., an, o, B1, - .., Bn being arbitrary integer non-
negative numbers, and
a _ a1 0 [ 8% Dﬁ_DﬂoDﬁl Dﬁn D; = a D.. = a ;_
Xt = X117 X" =D;°Dy, ---Dy", t—&: xj—a—xj, j=1,...,n.

In the same way as for D’,, we introduce the space S.,. In fact, we identify S}, with a subspace of D’,, since

D, isdense in Sey.
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Definition 1.1. The Fourier—Bessel transform of a function f € LY(RxRY}), f =f(t,x), t € R, x e RY, is
expressed by

T 1T, &) = T fie, 01T, &) = F(r, &) = j et j F(t ) §o (0 E)x" dx,
R

with
n
108 = [ [Jun (68, V1 >0,y >0,
i1

where the symbol j, is used for the normalized Bessel function

T
jun = 220 Dy

and J, () is the Bessel function of the first kind of order v.
For f € Sey, the inverse Hankel transform is defined by

~ n—|vj-1 « ~
FAF@ Ot X) = fit, 0) = —————— J e dr j Ju(x, OF (1, £)¢" dg.
ﬂHj:l FZ(IT -00 R"
Let
Yyv={ €Sey: DP)x) =0, x € V, [k| =0,1,2,...}
and

DO,y ={p:F,peV¥,v}

2 Mixed hyperbolic Riesz B-potential and its properties

2.1 Preliminary information on mixed hyperbolic Riesz B-potential
In this subsection we define a mixed hyperbolic Riesz B-potential, prove a theorem on its absolute conver-

gence, obtain its representation using the transmutation operator (1.4), and give some examples and prop-
erties concerning boundedness and the application of the Fourier—Bessel transform to a mixed hyperbolic

Riesz B-potential.
IX| = \x} +- + X

Let

First, for t € R, x € R}, A € C, we define

N(a,v,n) (2.1)

At @) when |x|2 < f2and t > 0,
sMt, x) =
0 when t2 < |x|2or t < 0,

where

201 o i+1 -n-|vl+1
W = 2 TTr(M (S )e(5),

The regular weighted generalized function corresponding to (2.1) will be denoted by s*.
We introduce the mixed hyperbolic Riesz B-potential I , of order a > 0 as a generalized convolution prod-
uct (1.3) with a weighted generalized function s{*~"V=1/2 and f € Sey:

a-n—-|v|-1

I Nt x) = (sp = =t x). (2.2)

The explicit definition of the constant N(a, v, n) allows to obtain the semigroup property or index low of the
potential (2.2).
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We can rewrite formula (2.2) as

[ee]

U2 )t X) = j ( j SCTMIR @ ) TS -7, 0y dy ) dr 2.3)
—00 ]R:_l

Theorem 2.1. Let f € Sey and n + |v| - 1 < a. Then (I ,f)(t, x) converges absolutely for t € R, x € RY.

Proof. Passing to spherical coordinates, (1,y) = pa, p = VT2 + |y|2, 0 = (01, ..., Ony1), in (2.3), we get

P00 = g [p70 e [ (@ =10 R - pon o'y d
’ ’ 0

Si(n),lo’|<oy

where 0’ = (02, ..., Ons1), (0)Y =[[1, 071 ).
Using the fact that YTLf(t, x) = "T}f(t, y), property 6 of generalized translation from [4, p. 124], in the
form

IVTYf(t, )| < suplfit, )|,

XeR]
and taking into account that f € Sey, we obtain
1 T a-1 a-n—|v|-1
U860 = I P dp j (02 —10'2) " (') d.

3 (1+p)*

Si(n),lo’|<oy
It is easy to see that for a > n + |v| - 1, the integral (I ,f)(t, x) converges absolutely. O

Lemma 2.2. The following representation of the mixed hyperbolic Riesz B-potential is valid:

[e'e] T
22—a \/ﬁ a-n—|v|-1
(IS0t %) = ST J< J(bef(t —T,x)(? -1t 2 it dr> dr, (2.4)
FCI(EFENIE) |
where M) is the transmutation operator (1.4).
Proof. We have
® a—n—|v|-1
agupe0= [ (|57 @neThie- oyt dy)de
o R
1 T a—n—|v|—
“ v | 4 | @R e T 0y ay
0 i
1 (o) T
=y =18} = J dr J(TZ _ ) -l gy J CTIOf(t - 1, %)0" dS.
» Vs o 0 SI(n)
Using the transmutation operator (1.4), we obtain (2.4). O

Example. Let f(t, x) = A(t)j,(x; b), b € R". Using the formula (see [5])
M7jy(x; b) = ju(x; b)j%m_l(rlbl),

we obtain

. 2\, (s b) ’ It
(Is, f)(t, x) = (n+|v|)r(a n- Iv|+1)r( ) JA(t ) dT((!-J'”}’—l(rlbl)(Tz - tdr

+|V|

- ~*\mjy(x; b) 3 ( 2 w e )
1l—-(a n— |v|+1)l—-( )JA(t 7)dt j "*'V‘_1(r|b|)(T T’) dr

n+|v\

Ibl
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Using [7, formula (2.12.4.6)] in the form

a zﬁ—laﬁ+v

jxv+1(a2 —x®)B1 (cx)dx = —Br(ﬁ)]ﬂw(ac), a,Ref >0,Rev > -1,
c

0

we get
( a1 nel 2 S a—n—+1
I e e | ) e (xlbl)
o b =5 2 2
and
\/ﬁiv()ﬁ b)

1%, (D)3 b) = [ A= 2705 1o bl .

@Ib)*=T(%)
If we take A(t) = 6(t), where 6 is the Heaviside step function, for ¢ > 0, we get

\/_iv(x' b)
@Ib)*T F( )

\/_ta]v(x b)
2(1

a a+1 a+2 |b|2t2)

t
a j 5 al
1%, 0(0)j, (x; b) = j T Jua (1bl7) dt o s

1F2(
Assuming A(t) = 6(t)tF~1, B > 0, and using [7, formula (2.12.3.1)] in the form

J x®(a - )1, (cx) dx
0

_ qub- 1(c>v T(B)T(a+v) <a+v a+v+l o a+pB+v a+ﬂ+v+1__azcz)
F(v+1)1"(a+[3+v) 2’ 2 ’ 2 2 o4 )

where a, Re 8, Re(a + v) > 0, we get

\/ﬁiv(X'b)
@lb))T 1"( )
_ Vi jv(x; b) 'tm/;,l(l_bl)“%l T'(B)(a)
(21b)*T T($) 27 T(HT(a+p)
@ a+l a+l a+f a+f+1 b
><2F3<2 S T R R >
_ NAT(B)T ()t 1, (x; b) (a a+B a+Bf+1 t2|b|2)
- Ja- 11"( )r(a+1)1—-(a B) Ty > H 4 .

t
12,0065, (s b) = j( 1 o (IbI) dr

Theorem 2.3. Letn+|v|-1<a<n+|v|+1,1<p< %.For the estimate

11§ fllgy < Mlfllp,vs  f € Sevs (2.5)
to be valid, it is necessary and sufficient that q = % The constant M does not depend on f.
Remark. By virtue of (2.5), there is a unique extension of I§ ,, toall L for 1 < p < "*""” , preserving bound-

edness when n + |v| — 1 < a < n + |v|. It follows that this extension is represented by the integral in (2.3), due
to its absolute convergence. The boundedness of I , was proved in [14].

Theorem 2.4. For f € Sey, the Fourier-Bessel transform of the mixed hyperbolic Riesz potential I{ f is defined
by

FUIEA)(T, &) = qlt® = [§P177 - F[fit, 0)(x, &), (2.6)
where
1, &2 > 12,
g=4e 7, |§2 <12, 120,
e?l, &2 <1 1<0.

Theorem 2.4 was proved in [14].
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2.2 Semigroup properties of the mixed hyperbolic Riesz B-potential

In this subsection we prove semigroup properties of the mixed hyperbolic Riesz B-potential and obtain for-
mulas for (g—tzz — A)K1342Kf and I?y’{,z"(g—; - A)¥, where k € N.

Theorem 2.5. The mixed hyperbolic Riesz potential for f € Sey satisfies
If,vlg"vf =Igvf, n+ll-1<a, n+|v[-1<8. 2.7)
Proof. Consider first ®y, where V = {1 € R, & € R" : 72 - |£|? = 0}. Using (2.6), we obtain

F L2 f1(T, &) = qgit® — [E21°F - F L% f(t, 01T, &) = qagqplt® - 1E217F - 5, [f(t, 01T, £),

where
1, 112 > 72, 1, €12 > 72,
da=1e %, &2 <12, 120, qg=1e 7, &P <12, 120, (2.8)
e?l, &2 <12, 1<0, o7l €12 < 12, T < 0.
We have

T 12 1T, &) = quiplt® — 1EPF - T 1AL 0)(T, &) = FUELfI(T, 8),

since from (2.8) itis clear that g4qp = ga-+p. Applying the inverse Fourier-Bessel transform, we get (2.7). Since
@,y is dense in Sey, we get the statement of the theorem. O

n+|v|+1

Theorem 2.6. Forf € Sey, 1 <p < ,N+|v| -1 < aandk € N, the following formula is valid:

(:_tzz ) I‘“Zkf I vf- (2.9)

Proof. Using the property of generalized translation in the form (see [4])

j YEL0g )y dy = j ) Tg(x)y” dy
R R

and [3, formula (1.8.3)] in the form Vi T}/ (B,,)x, = (By,)x. Tx., we obtain

(2 - m) e 0 = [ (e (25 - @)= M- v ofce, yy dyYar

ot?
“o R
Since it
az k 2 2 a—n—|v|-1 +k _ 2k r(% + k) r(% + k) 2 2 a-n—|v|-1
(ﬁ _(AV)X) (- Ix7) = =2 r(a—n—2|v|+1) F(%) Gl
and
22,(r(“*”;¢+k) T(%+k) 1 1
r(%lvlﬂ) I'(¢) N(a+2k,v,n) N(a,v,n)’
we get
az 2k o y a-n—|v|-1
(5 -a) @z nen = [ ([eross ™ - roofe yy dy)ar
“0 R
® a-n—|v|-1
- [([s7 @oemhse-ryy day)ar
o R
= (I, N)(t, x).
This completes the proof O
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n+|v|+1

Theorem 2.7. Forf € Sey, 1 <p < ,n+|v|-1<aandk € N, the formula

62
2K _
Iy <(ﬁ -A ) f=If (2.10)
is valid if the function f = f(t, x) is such that
omf omf
— =0, — =0 forallm=0,...,2k. 2.11
Ot™ l¢=0,x=0 ox]" lt=0,x=0 J (211)

Proof. Using[3, formula (1.8.3)]in the form Vi Ti/,' (By;)x; = (By; Zi T,y(:.', integrating by parts and applying (2.11),
we obtain

() 0= [ ([emo( Sy - @n)'smF oy ay ) ar
EAY)
= (IZ )f(t, x).
The proof is complete. O

If an analytic continuation of I{ , for the values O < a exists and for this analytic continuation it is true that
limg 0 (1§, u)(t, x) = u(t, x), then from formulas (2.9) and (2.10), it follows that mixed hyperbolic Riesz B-
potentials can be used for finding solutions to iterated nonhomogeneous Euler—-Poisson—Darboux equations

02 k
(ﬁ - AV) u(ty X) :f(t’ X)’ (2.12)

under conditions (2.11). Namely, applying formally I{ , to (2.12), we get
I8 )¢, x) = TEKF)(E, x).

Furthermore, passing to the limit as a — 0, formally, we obtain the solution to the problem in the form
u(t,x) = (Ii"vf)(t, x). However, the integral I, f converges absolutely only for a > n+[v| -1 (see Theo-
rem 2.1), therefore it is necessary to construct an analytic continuation of these operators by extending the
range of order a.

3 Analytic continuation of mixed hyperbolic Riesz B-potentials
Here first we write a convenient representation for If,, and then, using this representation, we obtain an
analytic continuation of I ,

Lemma 3.1. Forn + |v| - 1 < a, the following representation of I¢ ,, is valid:

(o]

a Ta i Y )’ Vv
(12,P(t,x) = L j e WA oy dy ). (3.1
Proof. We have
@ a-n—|v|-1
I )t x) = j(js @ CTOf - 0y dy) dr
-0 R

+

:Tdr( | @ - e - rooyt dy)

0 {lyl? <72}
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8

an|v|1

=cw)jdr j (22 - [y2) =y dy

0 {lyl2 <2}

n n
x J---If(t— 7, \(y1c05 @1 +x1)2 + Y3 sin? @1, ..., (Y COS @ + Xn)? + Y2 Sin? 0y )
0 0

n
x [ [ sin"" @i dg;.
Introducing the new variables

Z1 =Y1C0SQ1, Z2 =Y1SINQP1, ..., 2Z2p-1 = YnCOS Py, Zan = YnSing,, O0<@;<m i=1,...,n, (3.2)

we obtain
(o)
a—n—| IV\ 1
EAE0=Cw) [dr [ @
0 {lzI2<T2}*
L
xf(t -1, \/(21 +X1)2+23, ..., \/(zz,,_l +Xn)? + Z%n) [Tz dz,
i=1
where

{lz1? <1} = {z2i1 € R, z0i € Ry i=1,...,n—-1:|z]* <2}

Changing variables by using the formula (z2i-1 + Xj+1) — 22i-1,1 =1, ..., n, and using the designation

21 = (21— X1)2 + 23+ -+ (Zan-1 — Xn)? + 23

we can write

U2 F)(t, x) = C(V)Jdr j (12 Cf(t- N4 e\ +22n)]"[zv* L dz.
0 {IZ12<T2}*

Let us consider the part of the sphere |Z|?> + &2 = 72 in a space of dimension 2n + 1 for points (z1, . . ., Z2n, &),
with center at the origin and of radius 7. The projection of this part of the sphere onto the plane £ =0 is
|Z|2 < 72 and dS = § dz, hence the integral can be rewritten in the form

e e B ) [ s

{27 +§2=12}+

stx)CMj

(o)
o0

0
)j dr J g Mt -, V1 -x0)? 423, oy \Zanet - Xn)? +zz,,)]_[z”‘ Lds

T

0 {lzP+§2=1}
a—n—|v|
=C(v) AN 2 t— \/Izl2 + &2, \/(21 -x1)2+23,... \/(22,, 1—Xn)? +22n)l_[z “ldzdé.
et ZI

Returning to the variables y1, ..., Vn, @1, ..., @y, by formulas (3.2), we get

« My / v
(Is,vf)(ty ): g ——— Tx t— | |2 {2, d dg.
) Rj VIyI2 + 42 (1=« g2y

Renaming the variable ¢ through 7, we get (3.1). O

Using representation (3.1), we extend IS f, f € Sey for values a > n + |v| -
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Theorem 3.2. For f € Sey, the analytical continuation of I ,f forn > 2 anda € (n + |v| - 3, n + |v| - 1] is given
by the formula

s T pa-
I5 )t x) = C(v) J Hzgii—l dz' J _pm dp

Ry =1 o (P2 +1Z'2
21 /2

Vi n
x J Jsin”‘2 @2---sin@u_1de;---don_, J don J cos* " g sin" " 1 F do,
0 0

0 0
/2
3 1

SHr-a-1 [ cos® 2 gy [(n - 2)5in™ 917 + 5in" 2 91G(p, @) depa, (3.3)
0

where z' = (22, ..., zn),

ff:f(t— \/p2 +12'2, \/(p0'1 -x1)2+23,..., \/(pan - Xp)2 +z§n),

and

G(P,(P)=p<3'§ pI2 — X2 Cosg02+...+3?;[

= = sing, ---sin @n_1 sin(pn).
(po2 = x2)% + 25 (pOn — xn)?2 - 23,

Proof. Let us consider representation (3.1) of If , f, i.e.,

ra-n-|vl v
(I?,Vf)(t, X) = J W Ti/f(t— \/|)’|2 +T2,X))’V dy dt

n+1
Ry

= C(v) J %f(t— \/lzl2 +&2, \/(21 -x1)2+z%,..., \/(zz,q,l - Xn)? +z§n)

]R2n+1
+
K 1
x[[25 " dzde.
i=1

Passing to spherical coordinates only with respect to the variables ¢, z1, . . ., zon-1, by the formulas

§=pcosys,
z1 = psin @i cos @, = poy,

z3 = psin 1 sin @, cos @3 = poy,

Zip—3 =pSingj---sin @p_1 COS P, = POn-1,

Zyn-1 = pSineq ---sin @u_1 sin @, = poy,

where p = \/§2+z%+---+z%n_1 >0,0<¢p1<m/2, 0<py<m,...,0<@p1<m and O0< ¢, <27, with
Jacobian

J=p"sin® ! @qsin"2p,---sing,q,

we obtain

n (o) Py n n 2
IS )t x) = C(v) J Hz;}_l dz' J - dp J i J sin2 @, ---sin@n_1 dg; -+ don_1 J deoy
0

i1 2 2
]Rzl 0 p+|Z|

/2

X J cos® "M, sin™ ! 1 F do, (3.4)
0

0
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where

g=f(t- VP2 + 12/, (por —x1)? + 23, . .., \(po - xn)? +23,), 2 =@, 200,

By integrating the integral

/2
J cos® "M g, sin"t @1 Fde,
0

by parts, putting

COSo(—n—|v|+1 ®1
V=—-—"7"—""—"7-— dv = COSD‘_"_IV| 1 sin 1d 1
PRI p1sinp1des,

u=sin""?¢ .7, du = %(sin"‘2 p1F)dp, forn>2,n+v|-1<a,
1

we get
/2

! I cosdn-Ivi+l (,1)1i(sin”*2 ©1F)do;.
a(p1

/2

cos® " Mg, sin" o, Fdpy = ———
J v P17 de a-n-|[v[+1
0 [0)

The resulting integral converges already for n + |[v| — 3 < @, since

0
——(sin"? @1 F) = (n - 2)sin" @1 cos 1 F +sin" 2 @1 F,

a(pl
=cos@1[(n—-2)sin"> @1 F +sin"2 1 G(p, ¢)],
Fp, = cos p1G(p, ),
G(p, <P)=p-<?£ po> X2 cos @y + -+ + I pOn — Xn sin(pz--~sin<pn_1sin(pn>
(po2 - x2)? + 23 (PO — Xn)? - 23,
and
/2
J cos® "M gy sin" " o1 Fde,
0
1 /2
— a-n-|v[+2 _ 1 an-3 s n—2
Y B— J cos @1[(n-2)sin" @1 F +sin™* 91G(p, )] de1.
Substituting the resulting integral into (3.4), we obtain the formula for I . f, for a > n + [v| - 3. O

Remark. Further integration by parts of the integral (3.3) with respect to ¢; will allow us to construct an
analytic continuation for @ € (n + |v| — 5, n + |[v| — 3] etc. The cases n = 1 and n = 2 are treated similarly.

4 Image spaces for a mixed hyperbolic Riesz B-potentials

In this section we first give theorems related to the inversion of the operator Ig"v, and then, by using these
theorems, we describe the space of images for mixed hyperbolic Riesz B-potentials.

As for the inversion of potential (2.2), an approach based on the idea of approximative inverse operators
was used in [6]. This method gives an inverse operator as a limit of regularized operators. Namely, taking into
account formula (2.6), we will construct the inverse operator for potential (2.2) in the form

(12,)7'f = lim (5, (qI® - [§1* P eIT-e1¢l) )

V)
where the limit is understood in the norm Ly, or almost everywhere.
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Let
Save(t, x) = Ty (g T2 - €122 eIk ¢, x).
Then -
@0 = [ ([ CTogamele - 7.0 fr.y)y" dy ) dr.

Now we introduce the homogenizing kernel N, (t, x, €), which is defined as follows:
C(n,v,¢)

Nv(t’ X’ 8) = ’H\Vl
(2 + e2)(Ix|? + £2)
where x = (x1,...,Xx,)R}, t € R, € > 0, and
on zr(n+1+|v|)
C(n,v,¢) =

ITZ Hz 1 v1+1

We give some properties for the function N, (t, x, €), proved in [12] for a more general case.

Theorem 4.1. The homogenizing kernel N, (t, x, €) has the properties
() FvINu(t, x, €)1(8) = esT#],

(i) [ ( jm Ny(t, x, e)x¥ dx) dt = [ ( fm Ny(t, x, )x¥ dx) dt = 1,
(iii) Ny (t,x,€) € LY,1 < p < co.

Theorem 4.2. Letf € L, and

(Nyef)(T,y) = T( I Ny(t, x, &) Thf(T — t, x)x¥ dx) dt.
oo Rn

Then
gigg)(Nv,ef)(T,y)#(r,y) a.e.

, with the additional restriction

Theorem 4.3. Letn+|v|—1<0(<n+1+|v|,1<p<%*"’|

2n+ 1+ |v))(n+|v])
n+|vl+3an+|v|)

whenn+|v|-1<a<n+|vlandnis odd.

Then

(T2 ) I8N %) = (Nyef)(E, %), fix) e LY,
where

12 )5 f = (T, (gl - |&P |2 e o2kl v f)

w , with the additional restriction

Theorem 4.4, Letn+|v|-1<a<n+1+|v,1<p<
2n+1+v))(n+1v|)

n+1+|vl+2an+|v])

whenn+|v|-1<a<n+|v|andnis odd.

Then
(IE )2 N x) = f(E,x),  f(t,x) e LY,
where

(I5,)7'f = im(I5 ) f.

Theorems 4.3-4.4 were proved in [13].
Let IZ , (L)) be the images of potentials (2.3), i.e.,

I8 (LY) = {f(t, %) = f(t, %) = U2, 9)(t, %), p(t, x) € LY},

M 4 vl -1 < @ < n+|v] + 1. Assume

1<p<

Iflzz, vy = l@lp,vs
where (I, @)(t, x) = f(t, x).

Brought to you by | University of Exeter
Authenticated
Download Date | 1/27/20 4:15 AM



DE GRUYTER I. P. Polovinkin et al., Space of images of the mixed Riesz hyperbolic B-potential =—— 183

n+1+v]
a

Theorem 4.5. Letn+|v|-1<a<n+1+|v,1<p< , with the additional restriction

2n+ 1+ |v))(n+|v|)
n+1+|vl+2an+|v|)

whenn+|v|-1<a<n+|vlandn+ |v|is odd.

Then, in order that f € I;‘,V(L;), it is necessary and sufficient that f € L}, r = % and the limit

Um(I5,): ' f = (I5,)"'f
exists in the LI‘; -sense. Whence
Wf e,z = NS ) Flipv- (4.1)

Proof. The necessity follows from Theorems 2.3 and 4.4.
Let us show sufficiency. We should demonstrate that for almost all ¢ € R, x € R7, we have

fit, x) = IE L)), x). (4.2)

From (4.2) will follow that f € I ,(Ly) and (4.1). Let us establish equality (4.2) first in the sense of d)g,,
where V = {T € R, £ € R} : 72 - |£]? = 0}, and then we will proceed to the equality almost everywhere. For

any w(t, x) € 6‘33, we choose a sequence wy(t, x) € @y approximating w(t, x) by norm in Lr,, r' = ﬁ Then

_ 1,
(Ig,v(lg,v) 1f’ wN)v = ((Isa,v) 1f’ Is,va)v’

where
- ® a-n—|v|-1
@5 )t ) = J ( J SO @O~ 1,0y dy ) de
o R
and .
tZ_ 2
St x) Call when > [x]? and t < 0,
when 2 < |x|2 or t > 0.
We obtain
((Ig,v)_lf’ T?,va)v = (li_r%(lg,v,s)_lf’ T?,va)v = li_r%((lg,v,e)_lf’ Ttsx,va)v
= lim((f, (05,,0) ' I5, wn), = im(f, Newn)y = im(Nef, wx)y,
where
(o)
@' N0 = [ ([ CTgunetr - 6.0 fir.y)y* dy ) dr.
o R

Taking into account that lim._,o(Ny,f)(7, y) = f(7,y) in LIV, (see Theorem 4.2), we obtain
L, IE ) wn)y = (f, wn)y,  wn(t, x) € Dy.
Passing to the limit as N tends to co in the last equality, we obtain
I%,(I2 ), w)y = (f, w), forallw e C,

whence (4.2) follows. O
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