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Abstract—This paper intends on obtaining the explicit solution of n-dimensional anomalous
diffusion equation in the infinite domain with non-zero initial condition and vanishing condition at
infinity. It is shown that this equation can be derived from the parabolic integro-differential equation
with memory in which the kernel is t=E1_4 1-o(—t17%), a € (0,1), where E, s is the Mittag-
Liffler function. Based on Laplace and Fourier transforms the properties of the Fox H-function and
convolution theorem, explicit solution for anomalous diffusion equation is obtained.
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1. INTRODUCTION TO THE PROBLEM AND ITS SETTING

The processes of transport and aftereffect in disordered inhomogeneous composite media often have
kinetics that do not obey the normal (Gaussian) distribution. For this reason, such processes are usually
called anomalous or non-classical. They are observed experimentally in the study of diffusion in turbulent
flows, heat and mass transfer in plasma, filtration of fluids in inhomogeneous porous media, impurity
transfer in complex geological formations, charge transfer in amorphous semiconductors, relaxation
processes in polymers, hydrodynamics of non-Newtonian fluids, the evolution of complex biological
systems, the transfer of information resources to global communication networks and many other
phenomena.

The rapid development of fractional differential equations was largely due to the discovered practical
applications of fractional calculus, primarily in the physics of complex inhomogeneous media. It turned
out that fractional differential equations are ideally suited for modeling anomalous processes occurring
in systems with a fractal structure or having a power-law memory. As a result, integro-differentiation of
fractional order began to develop as a powerful modern apparatus of mathematical modeling, including
both analytical and numerical methods for studying fractional differential models.

The most common and studied fractional differential models are models of various anomalous
diffusion-type transfer processes, the kinetics of which are well described (at least asymptotically) by
power laws with fractional exponents. The value of this exponent, depending on the standard deviation
of the positions of the diffusing particles (if its final value exists) versus time, allows us to divide the
processes of anomalous diffusion into subdiffusion ones and superdiffusion ones. With subdiffusion, the
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particle transfer intensity is lower than with classical diffusion. Such processes are usually observed in
systems with memory. The superdiffusion phenomenon has a higher particle transfer rate than classical
diffusion and is often observed in media with a fractal structure. In systems with both spatial and
temporal non locality, both sub- and superdiffusion processes can occur [1]. Examples of fractional
differential equations of the diffusion type are the properly equations of subdiffusion and superdiffusion
[2—6], diffusion-wave equations [7—11], fractional differential equations of Fokker—Planck [12—16],
advection-dispersion [17—20], reaction-diffusion [21—23] and a number of others.

The solvability of Cauchy problems and initial-boundary value problems for various types of linear
fractional differential equations of diffusion type were investigated in the works of A. A. Kilbas,
S. M. Sitnik, A. N. Kochubey, Yu. Luchko, R. Gorenflo, F. Mainardi, M. M. Meerschaert, G. Pagnini,
J. J. Trujillo and many others [24—34]. To construct a solution of linear fractional differential equations
of diffusion type, various methods and algorithms based on the Green’s function, Fourier, Laplace,
and Mellin integral transforms, a generalization of the method of separation of variables, reduction
to Volterra-type integral equations, and several others were proposed. At the same time, there are
practically no methods for obtaining analytical solutions of fractional differential equations describing
anomalous diffusion processes.

In this paper, we consider the following n—dimensional integro-differential equation of the anoma-
lously diffusive transport of solute in heterogeneous porous media [35]

wy(x,t) + § D — Au(z, t) = f(x,t), (1.1)
which satisfies the initial and boundary conditions
u(z,0) = g(z), | 1|im (u, Vu) (z,t) =0, t>0, z=(x1,22,..,2,) €R", (1.2)
T|—00

where the Gerasimov—Caputo fractional differential operator §' D" is defined by [25]

t
C na 11—«
oD =0 I,
Fa(t) =0 10 = e | G
0
where
¢
f(7)
OIt g / 7_)1 a
0

A is the n-dimensional Laplace operator with respect to z and V = (a‘%, cees %) .

2. PRELIMINARIES

In this section, we present well known definitions and lemmas that will be used for proof of main
results.
The Mittag-Leffler functions E, (z) and E, g(z) are defined by the following series:

00 00
n n
z

o) 1= 3 gy = Fea®) M Faal®) =2

n=0

respectively, where «a, z, p € C;9(«) > 0. These functions are natural extensions of the exponential,
hyperbolic and trigonometric functions, since

Ei(z) =€*, FEy(2?) =coshz, Ey(—2%) =cosz, Eia(z) = e* — 17 E272(z2) _ Slnhz'
z z
The three-parameter Mittag-Leffler function or Prabhakar function is [36]:
AU S )
Fo.g '_nz::of(om—i-ﬂ) n!’ (2.1)
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where «, 3,7,z € C, and (7),, denotes the Pochammer symbol or the shifted factorial defined by
o=1, (Pn=70y+1..(y+n—-1), ~#0.
Also we can write (7),, = I'(y + n)/I'(y), where I'(y) is the Gamma function. We have following special
cases: B} 4(z) = Eqp(z) and E | = Eq(2).
Recall that the function (2.1) can be rewritten in terms of the Fox H-function as [36, 37]:

1 _
gl _ L1 (1=,1)
Ea,ﬁ(z) - F(,Y) H1,2 [_Z (0,1),(1—6,&)} :

We define the integral operator &) as follows [36, 38]:

Bwsa+
(fl,g,w;aw) (t) := (tﬁ‘lEl,ﬁ(wta)) *p(t) = / (t = 7)1 E] (w(t — 7)) p(7)dr. (2.2)

Note the integral operator (2.2) is nowadays known in literature as Prabhakar fractional integral.

Lemma 1. The following Laplace transform of a three-parameter Mittag-Leffler function is
true [36, 39]:

o
L tﬁ—lEgﬂ(iwta)} (s) = / e OB J(+wi®)dt =
0

SO"Y_B

(s* Fw)r’

where |w/s*| < 1.
Lemma 2. The Laplace transform of e"\ttﬁ_lEg”B(j:wto‘) is given by the following formula
[39]:
(s + N\ =F
(s + N> Fw)r’

L e_)‘ttﬁ_lEgﬁ(iwto‘)] (s) =

where A > 0, |w/(s + \)%| < 1.
In the case A = 0, Lemma 2 coincides with Lemma 1.

Lemma 3. For arbitrary o >0, 8 is an arbitrary complex number, p >0 and a € R, the
following formula is valid [20]:

[ B alelyde = (2 a2 [ 16 (—alél) Ty (el
Rn 0

n)

Here Jn_1(-) is a Bessel Junction and E, 5(z) denotes n-th derivatives of the Mittag-Leffler

function. n-th derivatives of the Mittag-Leffler function can be expressed in terms of the Fox
H-function as

(n)
E. 5

Lemmad4. /f {k(t),r(t)} € L1[0,T] for a fixed T > 0 and k(t),r(t) are connected by the integral
equation

(2) = H [~2 G0 sy ]

t
r(t) = k(1) + / k(t — r)r(r)dr, te [0,T], (2.3)
0
then the solution of the integral equation

(1) = / K(t — T)p(r)dr + £(1), (1) € L[0,T) (2.4)
0
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is expressed by formula

o(t) = /r(t _ () + f(8). (2.5)
0

Although the assertion of Lemma 4 is well known, we give a original proof.

Proof of Lemma 4. Let the equality (2.3) be satisfied. Then from (2.3) we have
¢
k(1) = r(t) - /r(t )k(r)dr.
0
Taking into account this relation, from (2) we obtain the following chain of equalities:

]

T

r(t—1— a)k(a)da) o(T)dr + f(t)

—T t

r(t—7— a)k‘(a)da] o(r)dr + f(t) = /r(t — 7)p(T)dT

0

Il
O\_,u o\w o\“N

r(T)e(t — T)dr

r(a)k(t —7— oz)da) o(T)dr + f(t) r(T)e(t — 7)dr

r(T)e(t — T)dr

O — 1 O —T °Y—7T

r(a)k(r — a)da) ot —T1)dr + f(t) =

t

_ /r(a) (/t k(T — a)p(t — T)dT) do + f(1)

0

= /r(T) [cp(tv') - / k(T)(p(tTa)da] dr + f(t).
0 0

According to (2.4), the expression in the square brackets of the right side in the last equalities is equal
to f(t). Therefore, we get (2.5).

Now we show the assertion of Lemma 4 is true in the opposite direction. Indeed, from (2.5) on based
of (2.3), we obtain

o(t) = / |:k:(t —7)+ / k(t—1— a)r(a)da] flrydr + f(t)

k(t—T1— oz)r(a)da) flrydr + f(t)

E(T) | f(t—7)+ r(a)f(tToz)da] dr + f(t).
o]

From this, in view of (2.5), we obtain (2.3).
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3. EXPLICIT SOLUTION OF THE PROBLEM (1.1) AND (1.2)

t) :/f(x,t)e_ig'md:c,
]Rn

S Rna § € Rn7 fl’ = Z& - Xy, dr = da;ldxg...da;n
j=1

Let

is the Fourier transform of f(x,t) with respect to the spatial variable x and

€)= [ glaje e da.
]Rn
The Laplace transform of a function u(x, t) with respect to the variable ¢ is given by

u(x,s) = /e‘“u(x,t)dt, t>0.
0

The unknown function u(x,t) is required to be sufficiently well behaved to be treated with its
derivatives w;(x,t), uy,q,; (z,t),7 = 1,...,n by technique of Laplace (in t) and Fourier (in x) transforms.
The given functions f(x,t) and g(x) are also assumed to have such properties.

Theorem 1. The explicit solution of the problem (1.1) and (1.2) can be expressed by formula

j+1 1§
IL' t 27-(- /Z g{ J(1—a)j+1,—|€|%; 0+f) (£7T)€ ¢ dg§

¥ / Gl — €.09(E)dE.  dE = dEydo...ds,. @3.1)
where the Green function G(x,t) is given by
1 0 (_tl—a)j
G(z,t) =
@) = Gy &7

,2 |~”L'|2
X {H 20 |: 17

where ¢ € R™, £ € R™.

Proof. Let F{u(x,t)} := u(&,t) be the Fourier transform of u(z,t) with respect to variable x, and
L{u(z,t)} := u(x, s) be the Laplace transform of u(x, t) with respect to variable ¢. In sequence, applying
to the equation (1.1) the Laplace transform with respect to the time variable ¢ and the Fourier transform
with respect to the spatial variable =, we obtain the following equation:

si(€,5) = (€, 0) + 5771 [ — (&, 0)] = —[¢[%i(€, 5) + (&, 5), € € R

Taking into account the initial condition (1.2), this equation yields

5 _ 1 2 145271
u(,s) = mf(f, s) + st TP

First, we calculate the inverse Laplace and Fourier transforms of the first term on the right side of
(3.2). It may be performed by using the equality
1 _ 5 1 (3.3)

s+s*+ €2 stta 41 1+Ifl2a;‘;

(+0=a)i1/2) | oo | loP
(n/2,1/2), (2 + 1/2)] T [Qt” ’

(1+(1-a)j,1/2) ]}
(n/2,1/2), (1 + 4, 1/2)

9(8). (3.2)
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and expanding the third factor on the right of this equation into an infinitely decreasing geometric series:
1 —OCTL

W:Z( |£|)W

sT—aiq n=0

for | - ‘ < 1. In view of (3.3) from last equality we have
1 B 0 ) s—a(n-l—l)
s+ s+ ¢2 nzzzo(_m ) (slme 4+ 1)n+l’
Then, according to Lemma 1, the first term of equation (3.2) can be expressed as
1 z _ . - nyn rn+1 -« r
TR 9 = L | I B >] L|fen]. (3.4)
We now transform the second term on the right side of (3.2). For this we note
14+ Sa—l . g 1 s 4 8_1 OO g—an
L ——] a — _ -
s+ 507l ¢ (1+s )31 414 s &1 st +1 nz:()( %" (slmo4-1)n
0o —a(n+1) —an—1

S
Z —l¢F) WJFZ P ey

In view of last relations, applymg Lemma 1 to the second term of (3.2), we obtain

1+ ol ~ S n - n - ~
e T €)= L ) (Bl (470 4 B a7 36 (35)

Further, in accordance with the Mittag-Leffler function definition (2.1), from equation (3.4) we get

oo o0

nyn(mn —ay _ nyn (TL—i—l) (_tl_a)j
I B B 3 D I e
; _1el124\n o0
=3 Sty e L Sy

By virtue of this fact we continue converting of the right side of (3.4) as

L[i(—\a B (- tl—%]L[f(s,t)] =L li (—672) B (el t)]

n=0 7=0

Lfen] =1 [(Z (') Bl (IRt )) f(&, t)}
§=0

Taking into consideration the convolution property of the Laplace transform and the definition of integral
operator &7 o Buwat P by (2.2), the inverse transform of the first term in equation (3.2) can be obtained as

follows:

L [mL e (8)} = i)(—l)j (&7 i —m0i ) (67): (3.6)
=

Analogically, the inverse Laplace transform of the second term in equation (3.2) by virtue of (3.5) can
be expressed as

1 a—1 " - . » ]
L [ﬁg@] S (IR 7 (Bl aea (=87 + By (617 3(6)

n=0
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= S (B g (€D + BT (—1ER0) 3(6).

7=0
Considering the relationship between the generalized Mittag-Leffler function and the Fox-H function,
the last equality can be rewritten in the form [37]

o0

o [ ate] = S

5+ 8¢ 1+\§|2g

7=0
x (ﬁHi% [162 630 0 _ays +ﬁ 13 [lele |G a)J,l)Dé(E)
-3 P st (5338 [P 3t o] + 528 i ,{ o] )i©. BT)
We introduce the following notations:
hos(€:) = H13 (16|67 (o | > (&) = BI3 1€ 0wy | 38
and
Gen=y S ) [jﬁoj(g,t)juhlj(g,t)}. (3.9)

J=0

Applying the inverse transform F~! to equations (3.8), we obtain

1 (1—7, i&x
hoj(x,t) = W/ (SRR a3 (3.10)
R’VL
1 (=3, i&-x
(1) = W/ 3 [l (G | €7 (3.11)
R’VL

Using Lemma 3, we obtain the following results from equations (3.10) and (3.11)

1 . o0
bos(e.0) = Grlal' 5 [ IR [l [ ] 5Dl
0

1 . o0
us(e.t) = orlal'E [ IE2E [16Rt [G 3] 352Dl
0

Taking into account a Hankel transform and the properties Fox-H function [37, 41], last two equations
can be written as

o s kP | ava— i) ]
hoj(z,t) = Wlxl Hy, o71/2 (n/2.1/2). (2 + .1/2) ) (3.12)
e | B | 0w ]
hii(z,t) = _ 3.13
1j (l’ t) (27T)n/2| | 2,0 _2t1/2 (n/27 1/2)’ (1 +]7 1/2)- ( )

Computing the inverse transform of equation (3.9) and substituting into resulting equality formulas
(3.12),(3.13), we get

1 S (=) | el
G(:L’,t)— (2ﬂ)n/2|x‘nz 4! H2,0 241/2

J=0

(1+ (1 - a)j1/2) ]
(n/2,1/2),(2 + j,1/2)
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x|? — )7,
E { Iaf | (141 =0)5172) ]}

(n/2,1/2),(1 +5,1/2)

Continuing to convert the equality (3.7) we can write formally

_ 1+s21 B R
L [mg(@] = L7 [F[G(x,5)] (€)g(€)] - (3.14)

In view of (3.6) and (3.14), applying an inverse Laplace transform to equation (3.2) we finally obtain

a6, 0) = 31 (E1] i1 i) (€7) + F (G, 0] (€)g(8). (3.15)
j=0

To equation (3.15) can be further applied inverse Fourier transform and Fourier convolution property in
sequence. Accordingly, the Theorem 1 is proven.

4. THE INTEGRO-DIFFERENTIAL DIFFUSION EQUATION
WITH THE MITTAG-LEFFLER FUNCTION IN THE KERNEL

In this section we show equivalence of one integro-differential diffusion equation with the Mittag-
Leffler function in the kernel to the anomalous diffusion equation.

Theorem 2. The integro-differential diffusion equation
t
ut—Au+/k(t—r)Au(m,T)dT:O, zeR" t>0 (4.1)
0

with memory k(t) =t “E1_q, 1-a (—tl_o‘), a € (0,1), is equivalent to the time-fractional diffu-
sion equation
ug + § D8u — Au(z, t) = 0. (4.2)
Proof. Considering equation (4.1) as the Volterra integral equation of the second kind with respect
to Aw for fixed  and applying Lemma 4, we have
¢
Au = u + /r(t — 7)u,(x, 7)dr, (4.3)
0
where r(t) is resolvent of k(¢) and it satisfies the integral equation
¢
r(t) = k() + / K(t — r)r(r)dr. (4.4)
0
In[42] it was shown the resolvent of t=*/I'(1 — @) is the function (d/dt)Ey_ (—t'~*) . Computing the
derivative of Mittag-Leffler function [43], we get
d
— B o (—t77) = 7B g0 (179 .
9 (~7) = £y (£17°)

We apply to both sides of (4.4) the Laplace and denoting by K (s) and R(s) the imagines of origins k(t)
and r(t), respectively, obtain

R(s) = K(s) + K(s)R(s). (4.5)
Inview of K(s) = L [t “E1_q,1—a (—t'7%)] =1/ (s"7* + 1) , R(s) > 1 (see [44]), from equality (4.5)
we get
K(s) 1

R(s) = 1—K(s) st=o
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From here it follows

LIR(s)]=L""! [Sl_a] i r(t).

Then, (4.3) yields (4.2).

Remark. Thus, the equation (4.1) with memory kernel k(t) =t *FE\_q, 1—o (—t'~) describes
the anomalously diffusive transport of solute in heterogeneous porous media.

From this remark it follows that the solution of equation (4.1) with conditions (1.2) can be given by
formula (3.1) for f(z,t) = 0.

5. CONCLUSIONS

In applications, using the different types of a memory kernel k(¢) in equation (4.1) it can be described
a wide variety of physical phenomena with memory effects. In this work, it is shown that n-dimensional
anomalous diffusion equation (2.1) with f(x,¢) = 0 can be derived from the parabolic integro-differential
equation (4.1) with memory kernel t_o‘El_aJ_a(—tl_o‘), a € (0,1). Based on the Laplace transform
method *~ the time variable and Fourier transform to the spatial variable, the explicit solution of
initiallLl5o7indary problem for anomalous diffusion equation is obtained. This solution includes the
Prabhakar fractional integral and Fox H-functions.

REFERENCES

. V. M. Goloviznin, P. S. Kondratenko, L. V. Matveey, et al., Anomalous Diffusion of Radionuclides of
Highly Heterogeneous Geological Formations (Nauka, Moscow 2010)[in Russian].

2. E. Abad, S. B. Yuste, and K. Lindenberg, “Reaction-subdiffusion and reaction-superdiffusion equations for
evanescent particles performing continuous-time random walks,” Phys. Rev. E 81, 031115 (2010).

3. A. V. Chechkin, R. Goreno, and M. Sokolov, “Retarding subdiffusion and accelerating superdiffusion
governed by distributed-order fractional diffusion equations,” Phys. Rev. E 66, 046129 (2002).

4. R. Metzler, W. G. Glockle, and T. F. Nonnenmacher, “Fractional model equation for anomalous diffusion,”
Phys. A (Amsterdam, Neth.) 211, 13—24 (1994).

5. R. Metzler and J. Klafter, “The random walk’s guide to anomalous diffusion: A fractional dynamics
approach,” Phys. Rep. 339, 1-77 (2000).

6. G. M. Zaslavsky, “Chaos, fractional kinetics, and anomalous transport,” Phys. Rep. 371, 461—580 (2002).

7. A. N. Bogolyubov, A. A. Potapov, and S. Sh. Rikhviashvili, “An approach to introducing fractional integro-
differentiation in classical electrodynamics,” Mosc. Univ. Phys. Bull. 64, 365 (2009).

8. T. M. Atanackovic, S. Pilipovic, and D. Zorica, “A diffusion-wave equation with two fractional derivatives of
different order,” J. Phys. A: Math. Theor. 40, 5319—5333 (2007).

9. Yu. Luchko, F. Mainardi, and Yu. Povstenko, “Propagation speed of the maximum of the fundamental solution
to the fractional diffusion-wave equation,” Comput. Math. Appl. 66, 774—784 (2013).

10. F Mainardi, “The time fractional diffusion-wave equation,” Radiophys. Quantum Electron. 38, 13—24
(1995).

11. F Mainardi, “Fractional relaxation-oscillation and fractional diffusion-wave phenomena,” Chaos, Solitons
Fractals 7, 1461—1477 (1996).

12. E. Barkai, “Fractional Fokker-Planck equation, solution, and application,” Phys. Rev. E 63, 046118 (2001).

13. A. V. Chechkin, J. Klafter, and 1. M. Sokolov, “Fractional Fokker-Planck equation for ultraslow kinetics,”
Europhys. Lett. 63, 326—332 (2003).

14. R. Kazakevicius and J. Ruseckas, “Anomalous diffusion in nonhomogeneous media: Power spectral density
of signals generated by time-subordinated nonlinear Langevin equations,” Phys. A (Amsterdam, Neth.) 438,
210—222 (2015).

15. R. Metzler, E. Barkai, and J. Klafter, “Anomalous diffusion and relaxation close to thermal equilibrium: A
fractional Fokker—Planck equation approach,” Phys. Rev. Lett. 82, 3563—3567 (1999).

16. G. M. Zaslavsky, “Chaos, fractional kinetics, and anomalous transport,” Phys. Rep. 371, 461—580 (2002).

17. D. A. Benson, S. W. Wheatcraft, and M. M. Meerschaert, “Application of a fractional advection-dispersion
equation,” Water Resour. Res. 36, 1403—1412 (2000).

18. D. Bolster, D. A. Benson, M. M. Meerschaert, and B. Baeumer, “Mixing-driven equilibrium reactions in

multidimensional fractional advection-dispersion systems,” Phys. A (Amsterdam, Neth.) 392, 2513—2525

(2013).

—

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.6 2021


asus
Записка
Должно быть initial-boundary


19

20.
21.
22.
23.
24.
25.
26.
27.
28.

29.
30.

31.
32.
33.
34.
35.
36.
37.

38.

39.

40.
41.

42.
43.

44,

THE EXPLICIT FORMULA FOR SOLUTION 1273

R. Schumer, D. A. Benson, M. M. Meerschaert, and B. Baeumer, “Multiscaling fractional advection-
dispersion equations and their solutions,” Water Resour. Res. 39, 1022 (2003).

Y. Zhang, D. A. Benson, and D. M. Reeves, “Time and space nonlocalities underlying fractional-derivative
models: Distinction and literature review of field applications,” Adv. Water Resour. 32, 561—581 (2009).
Anomalous Transport: Foundations and Applications, Ed. by R. Klages, G. Radons, and I. M. Sokolov
(Wiley-VCH, Berlin, 2008).

D. Del-Castillo-Negrete, B. A. Carreras, and V. E. Lynch, “Front dynamics in reaction-diffusion systems
with Levy flights: A fractional diffusion approach,” Phys. Rev. Lett. 91, 018302 (2003).

R. K. Saxena, A. M. Mathai, and H. J. Haubold, “Fractional reaction-diffusion equations,” Astrophys. Space
Sci. 305, 289—296 (2006).

A. A.Kilbas, T. Pierantozzi, J. J. Trujillo, and L. Vazquez, “On the solution of fractional evolution equations,”
J. Phys. A: Math. Gen. 37, 3271-3283 (2004).

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and Applications of Fractional Differential
Equations (Amsterdam, Elsevier, 2006).

A. A. Kilbas, J. J. Trujillo, and A. A. Voroshilov, “Cauchy-type problem for difussion-wave equation with the
Riemann-Liouville partial derivative,” Fract. Calc. Appl. Anal. 9, 225—239 (2005).

E. L. Shishkina and S. M. Sitnik, Transmutations, Singular and Fractional Differential Equations with
Applications to Mathematical Physics (Elsevier, Amsterdam, 2020).

A. N. Kochubei and S. D. Eidelman, “The fundamental solutions for the fractional diffusion-wave equation,”
J. Diff. Equat. 199, 211-255 (2004).

A. N. Kochubei, “Diffusion of fractional order,” Differ. Equat. 26, 485—492 (1990).

Yu. Luchko, “Some uniqueness and existence results for the initial-boundary-value problems for the gener-
alized time-fractional diffusion equation,” Comput. Math. Appl. 59, 1766—1772 (2010).

Yu. Luchko, “Anomalous diffusion: Models, their analysis, and interpretation,” in Advances in Applied
Analysis, Ed. by S. Rogosin and A. Koroleva (Birkhauser, Boston, 2012), pp. 115—145.

F. Mainardi, “The fundamental solutions for the fractional diffusion-wave equation,” Appl. Math. Lett. 9 (6),
25—28 (1996).

F. Mainardi, Yu. Luchko, and G. Pagnini, “The fundamental solution of the space-time fractional diffusion
equation,” Fract. Calc. Appl. Anal. 4, 153—192 (2001).

A. Aghajani, Y. Jalilian, and J. J. Trujillo, “On the existence of solutions of fractional integro-differential
equations,” Fract. Calc. Appl. Anal. 15, 44—69 (2012).

R. Schumer, D. A. Benson, M. M. Meerschaert, and B. Baecumer, “Fractal mobile/immobile solute trans-
port,” Water Resour. Res. 39, 1—-12 (2003).

A. Giusti, I. Colombaro, R. Garra, et al., “Apractical guide to Prabhakar fractional calculus,” Fract. Calc.
Appl. Anal. 23, 9—54 (2020).

A. M. Mathai, R. K. Saxena, and H. J. Haubold, The H-function: Theory and Application (Springer,
Berlin, 2010).

Z. Tomovski and T. Sandev, “Effects of a fractional friction with power-law memory kernel on string
fibrations,” Comput. Math. Appl. 62, 1554—1561 (2011).

7. Tomovski, R. Hilfer, and H. M. Srivastava, “Fractional and operational calculus with generalized fractional
derivatives operators and Mittag-Leffler type functions,” Integral Transform. Spec. Funct. 21, 797—814
(2010).

C. Li, W. H. Deng, and X. Q. Shen, “Exact solutions and the asymptotic behaviors for the averaged
generalized fractional elastic models,” Commun. Theor. Phys. 62, 443—450 (2014).

Y. Zao and F. Zao, “The analytical solution of parabolic Volterra integro-differential equations in the infinite
domain,” Entropy 18 (344), 14 (2016).

E. Hille and J. D. Tamarkin, “On the theory of linear integral equations,” Ann. Math. 31, 479—528 (1930).
Yu. Luchko, “Initial-boundary-value problems for the one-dimensional time-fractional diffusion equation,”
Fract. Calc. Appl. Anal. 15, 141—160 (2012).

R. Gorenflo and F. Mainardi, “Fractional calculus: Integral and differential equations of fractional order,” in
Fractals and Fractional Calculus in Continuum Mechanics (Springer, Wien, 1997), pp. 223—276.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.42 No.6 2021




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /RUS ()
    /ENU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




