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METHOD (ITCM) TO OBTAINING TRANSMUTATIONS VIA
INTEGRAL TRANSFORMS WITH BESSEL FUNCTIONS IN

KERNELS

E.L. SHISHKINA, S.M. SITNIK, I. JEBABLI

ABsTRACT. In this paper we apply the Integral Transforms Composition
Method (ITCM) in order to derive compositions of integral transforms
with Bessel functions in kernels, and obtain norm estimates and
other properties of such composition transforms. Exactly, we consider
transmutations which are compositions of classical Hankel and Y integral
transforms. Norms estimates in Lo for these integral transforms with
Bessel functions in kernels and their compositions are obtained. Also
boundedness conditions for such transforms in weighted Lebesgue classes
are proved. Classical integral transforms are used in this method as
basic blocks. The ITCM and transmutations obtained by this method
are applied to deriving connection formulas for solutions of singular
differential equations.

Keywords: Hankel transform, Y transform, Integral Transforms
Composition Method (ITCM), transmutations, Slater theorem,
Bessel functions, Meijer G—function, hypergeometric functions, Mellin
transform.

1. INTRODUCTION

1.1. Integral Transforms Composition Method (ITCM) in transmutation
theory. In the paper we study applications of integral transforms composition
method (ITCM) [1, 2, 3, 4, 5] for obtaining transmutations via integral transforms
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and to study integral transforms with Bessel functions in kernels. We consider
four different composition of the Hankel transform and integral transform with
Bessel function of the second kind in a kernel. For compositions of these transforms
boundedness in Ly and weighted Lebesgue space with exact norms are proved.

Let us note that we can construct wide range of transmutation operators by
ITCM. Wherein known integral transforms as Fourier, sine and cosine-Fourier,
Hankel, Mellin, Laplace and others are used as basic blocks. The ITCM and
transmutations obtaining by this method are applied to deriving connection
formulas for solutions to singular differential equations and non-singular ones. In
[3] we considered how to apply ITCM to well-known classes of singular differential
equations with Bessel operators, such as classical and generalized Euler—Poisson—
Darboux equation and the generalized radiation problem of A. Weinstein. These
results can be applied to more general linear partial differential equations
with Bessel operators, such as multivariate Bessel-type equations, GASPT
(Generalized Axially Symmetric Potential Theory) equations of A.Weinstein,
Bessel-type generalized wave equations like Euler—Poisson—-Darboux ones, ultra
B-hyperbolic equations and others. The next step of applications of the method
consists of defining new types fractional integrals and their multidimensional
analogs, obviously possessing the semigroup property as consequences of ITCM
representations. Such approach to inverting potential type and convolution
operators as approximative inverse operators method in fact is also a variant of
ITCM. So with many results and examples the main conclusion of this paper may
be illustrated by the next conclusion :

the integral transforms composition method (ITCM) of constructing
transmutations is important and effective tool to obtain different
results for integral transforms and their compositions.

Also we mention that some formulas on compositions of Hankel transforms were
announced in the preprint [7] without any connections with transmutations and
ITCM method.

The formal algorithm of ITCM is the next. Let us take as input a pair of arbitrary
operators A, B, and also connecting with them generalized Fourier transforms
F4, F, which are invertible and act by the formulas

(1) FsA = g(t)Fa, FpB = g(t)Fp,

where ¢ is a dual variable, g is an arbitrary function with suitable properties. It is
often convenient to choose g(t) = —t? or g(t) = —t*, a € R.

Then the essence of ITCM is to obtain formally a pair of transmutation operators
P and S as the method output by the next formulas:

1
2 S =F;'——Fy, P =F; w(t)F
( ) B w(t) A A w() B
with arbitrary function w(t). When P and S are transmutation operators
intertwining A and B:

(3) SA=DBS,  PB=AP.

A formal checking of (3) can be obtained by direct substitution. The main difficulty
is the calculation of compositions (2) in an explicit integral form, as well as the
choice of domains of operators P and S.
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Let us list the main advantages of Integral Transform Composition Method
(ITCM).

e Simplicity — many classes of transmutations are obtained by explicit
formulas from elementary basic blocks, which are classical integral
transforms.

e ITCM gives by a unified approach all previously explicitly known classes of
transmutations.

e ITCM gives by a unified approach many new classes of transmutations for
different operators.

e ITCM gives a unified approach to obtain both direct and inverse
transmutations in the same composition form.

e ITCM directly leads to estimates of norms of direct and inverse
transmutations using known norm estimates for classical integral transforms
on different functional spaces.

e ITCM directly leads to connection formulas for solutions to perturbed and
unperturbed differential equations.

An obstacle for applying ITCM is the next one: we know acting of classical
integral transforms usually on standard spaces like Lo, Ly, C*, variable exponent
Lebesgue spaces and so on. But for application of transmutations to differential
equations we usually need some more conditions hold, say at zero or at infinity. For
these problems we may first construct a transmutation by ITCM and then expand
it to the needed functional classes.

Let us stress that formulas of the type (2) of course are not new for integral
transforms and its applications to differential equations. But ITCM is new when
applied to transmutation theory! In other fields of integral transforms and connected
differential equations theory compositions (2) for the choice of classical Fourier
transform leads to famous pseudo-differential operators with symbol function w(t).
For the choice of the classical Fourier transform and the function w(t) = (&it)~*
we obtain fractional integrals on the whole real axis, for w(t) = |z|~* we obtain M.
Riesz potential, for w(t) = (1+¢?)~* in formulas (2) we obtain Bessel potential. For
w(t) = (1 +4t)~° we get modified Bessel potentials [2]. For this paper important
are applications to compositions of integral transforms which are based on Mellin
transform technique, cf. [8, 9, 18, 19, 6, 7, 1, 2, 3, 4, 5].

The next choice for ITCM algorithm,

W 2T 1
A=B=B,, Fa=Fg=H,, gt)=-t* w(t) = %
leads to generalized translation operators of Delsart, for this case we have to choose
in ITCM algorithm defined by (1)-(2) the above values (4) in which B, = D? +
2241 D is the Bessel operator, H, is the Hankel transform (6), J, is the Bessel
function of the first kind. In the same manner other families of operators commuting
with a given one may be obtained by ITCM for the choice A = B, F4 = Fp with
arbitrary functions g(t), w(t) (generalized translation commutes with the Bessel
operator).

Direct applications of ITCM to multidimensional differential operators are
obvious, in this case t = (¢1,...,t,) € R™ is a vector and ¢g(t),w(t) are vector
functions in (1)—(2). Unfortunately for this case we know and may derive some
new explicit transmutations just for simple special cases. But among them are

Ju(t), teR
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well-known and interesting classes of potentials. In case of using ITCM by (1)-
(2) with Fourier transform and when w(t) is a positive definite quadratic form we
come to elliptic Riesz potentials [2]; when w(¢) is an indefinite quadratic form we
come to hyperbolic Riesz potentials [2]; with w(t) = (t3 + ... + t2 —it;)~*/? we
come to parabolic potentials. In the case of using ITCM by (1)-(2) with Hankel
transform and when w(t) is quadratic form we come to elliptic Riesz B—potentials
or hyperbolic Riesz B-potentials [2]. For all above mentioned potentials we need
to use distribution theory and consider for ITCM convolutions of distributions, for
inversion of such potentials we need some cutting and approximation procedures.
For this class of problems it is appropriate to use Schwartz or/and Lizorkin spaces
for probe functions and dual spaces for distributions.

So we may conclude that the method we consider in the paper for obtaining
transmutations — ITCM is effective, it is connected to many known methods and
problems, it gives all known classes of explicit transmutations and works as a tool
to construct new classes of transmutations. Application of ITCM needs the next
three steps.

Step 1. For a given pair of operators A, B and connected generalized Fourier
transforms Fy, Fp define and calculate a pair of transmutations P, S by
basic formulas (1)—(2).

Step 2. Derive exact conditions and find classes of functions for which
transmutations obtained by step 1 satisfy proper intertwining properties.

Step 3. Apply now correctly defined transmutations by steps 1 and 2 on proper
clagses of functions to deriving connection formulas for solutions of
differential equations.

1.2. Definitions. The Bessel function of the first kind, denoted by J,(z), is a
solution of Bessel’s differential equation that are finite at the origin x = 0. The
Bessel function J,(x) can be defined by the series

J@(m)zzgg%nﬂlxg;iyz%1)(2)2m+a'

For non-integer « the functions J,(z) and J_,(x) are linearly independent. If « is
integer the following relationship is valid:

J_o(z) = (-1)Js(z).
The Bessel function of the second kind, denoted by Y,(x), for non-integer « is
related to J,(z) by the formula:
Jo(x) cos(am) — J_q(x)

Ya(z) = sin(a)

)

In the case of integer order n, the function Y, () is defined by taking the limit as
a non-integer « tends to n:
Y. (z) = lim Y, (x).

a—n

Functions Y, (x) are also called Neumann functions and denoted by N, (z). The
linear combination of the Bessel functions of the first and second kinds represents
a complete solution of the Bessel equation:

y(z) = CrJa(z) + C2Yo(x).



888 E.L. SHISHKINA, S.M. SITNIK, I. JEBABLI

A general definition of the Meijer G-function is given by the following line integral
in the complex plane ([13] § 5.3.1):

(5)
m,n A1,...,0p
Gp,q (b17.-.,bq
Here L in the integral represents the path to be followed while integrating. For this

path three choices are possible (see [13] § 5.3.1).
Let S is the space of rapidly decreasing functions on (0, c0):

Z) _ i/ [T 0 - )T —a+s)
2ri ) 117 Db + ) Ty Dlaj — 5)

z€(0,00)

Sz{feOOO(O,oo): sup |anﬁf(z)|<oo Va,B€Z+}.

We will study properties of compositions of transforms with Bessel functions in
the kernel:

(© @) = [Etneofod, vz -3,
0
o) l 1
@ W) = [@ivten s vz,
0

where J, is the Bessel function of the first kind of order v and Y, is the Bessel
functions of the second kind of order v.

Transforms H, and ), are well studied in [20, 21, 17]. In these papers, their
boundedness in £, ,,—spaces have been completely examined. The £, ,,—space is the
space of function (or, more precisely, equivalence classes) such that their Lebesgue

integral [ |z# f(z)[P2E is finite. The £, ,~norm is defined by
0

®) s = (s )

Here 1 < p < oo and p is any number.
We will use the Mellin transform of a function f : Ry — C defined by formula

oo

ﬁ@:MM@:/ﬁ*mmL
0

where s = 0 4+ i7 € C, provided that the integral exists.
As space of originals we choose the space P’, —oco < a < b < oo which is
the linear space of Ry — C functions such that z°71f(z) € Li(Ry) for every
se{peC:a<Rep<b}.
If additionally f*(c + i7) € Li(R) with respect to 7 then complex inversion
formula holds:
c+ioco

.MAWWO:ﬂMZAfN/x*M$@-
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In fact, the gamma-function I'(z) corresponds to the Mellin transform of the
negative exponential function:

I(z) = M[e™%](2).

If an operator A is acting in the images of Mellin transform as a multiplication
to a function:

(9) MIAS](s) = ma M[f](s),

then we name ma a multiplier of operator A.
The Mellin convolution (f * g)a(y) of two functions f and g is given by

[ (05
We have i
(10) M| [ K (5) 0T ) = MIKI6) M)

so the M[K](s) is the multiplier for the Mellin convolution (see [18]).

A wunitary operator is a surjective bounded operator on a Hilbert space preserving
the inner product. Unitary operators are usually taken as operating on a Hilbert
space, but the same notion serves to define the concept of isomorphism between
Hilbert spaces.

2. APPLICATIONS OF INTEGRAL TRANSFORMS COMPOSITION METHOD (ITCM)
TO INTEGRAL TRANSFORMS WITH BESSEL FUNCTIONS IN KERNELS

Now let us consider an application of integral transforms composition method
(ITCM) to integral transforms with Bessel functions in kernel. Namely, we study
the next operators defined as compositions of Hankel and Y transforms

(11) T'=H,Y,, T,=Y,Y, T3 =Y, H,, T,=H, H,.

By integral transforms composition method (ITCM) operators 11,75, T5, Ty are
transmutations with common transmutation property

(12) TL,=L,T,
where operator
L
de?  zvdr z?
is a modified with power change Bessel operator
o wrld
dz? z dx

We apply ITCM as it is known that standard properties are valid
H,L,=—2*H,, Y, L, = —2%Y,

on proper functions. So we may classify transmutations (11) as shift operators by the
parameter v in the differential operator L,. And these operators are accomplishing
connection formulas for pairs of differential equations with different parameters in
L,.
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Our main problem is to evaluate transmutations (11) as integral operators with
special function kernels.

2.1. Integral transforms and Mellin transform. The next lemma that allows
to reduce the question of the boundedness of some operator in Lo to the study of
its multiplier is well known (see [15, 16, 23]). We give this lemma here.

Lemma 1. 1) Let for operator A the equality (9) is true. Then the operator A can
be exended as a bounded operator on Lo if and only if

(13) sup
EER
Thus we have ||A||L, = M.
2) In order that the inverse operator A~" allows an extension to bounded operator
on Lo it is necessary and sufficient that

1
mA<i§+2)‘:M1<oo.

1
(14) glrelng ma (if—i— 2)‘ =my < oo.
Thus we have ||A7Y||1, = mil

3) Let operators A and A=' are defined and bounded in Lo. Then in order to A
and A~' be unitary it is necessary and sufficient that an equality

(15) ‘mA (if " ;)

is true for almost all £ € R.

=1

Here, we give some known more results from [20, 21, 17] which we will use.

Lemma 2. 1) Integral transform H, bijectively maps the space Lo ,, into itself when
% <p<v+ %
2) Let f € Lo, %§u<%—u then Res = p we have

(16) MIH, f](s) = mu,(s) M[f](1 = 5),

where

T (2s+2u+1)
(17) my(s) =277 4L
T (E2)

Lemma 3. 1) Integral transform Y, bijectively maps the space Lo, into itself
when % <p< %f |v| except for the case p = %f v. For p = %f v we have
yy[,cz%,y] = Hl,[£2,%ﬂ,]. Since, Y, = C1, H, + Cy, H_,, then for —% <v <0 we
have Hy[Ly 1)) = H_y[Ly1 )] = Ly1 ) and Vy[Ly 1 )] C Ly, (For Yy it
was proved in [21].)

2) Let f € Lo, % §u<y+% then Re s = 1 we have

1 M) = mlsgets (s 5 - ) § MU )

2s42v+1
where m,,(s) = 2573 %

4
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2.2. Composition of H, and ), transforms. Now let study composition of
operators H, and ),.

Theorem 1. Let f € Ly, % <p< % —v. Then
1) Operator H,Y, acts in Mellin images according to (9) with the multiplier

(19) mis) = ~t (Hi_l) v e
2) The formula
9 o l/-‘r%
(20) H,[Y, fl(z) = ;/ﬁtf_(tin? (%) dt
0
is valid.

[oxasameavemso. 1) According to [21, 17], if f € Lo, then Y, f € Ly, for % <
1< & — |v| and we can apply formula (18) to Y, f:

MIH, Y, f](s) = mu (s) MV, f](1 = s).
Then using (16) we get

MIEA6) = =m(s)m (1 = syetg ( (54 5 -v) 5 ) MU,

To prove (19) it remains to substitute

1—\ (25+2l/+1) F (3—25+2u)
m,,(s) :257%5—741/7 m,,(l—s) :2573 — ;1_ o
[ (232) [ (2=272)

(see (17)) and to apply formulas
r(z)ra-z =

r(le)r(i-)=—T
2 2 cos(mz)
The formula (19) can be obtained directly also. We should denote Y, [f](s)=g(s)
and change the variables in (6) by t = % We obtain

(21) H,lg)(x) = 7} (”y“’) Ly (;) Y
0

where 8, (z) = 22 J, ().
Then using formula (10) we get

and

M) = MR M | (5] = MIRI) Mgl - )

We used formulas 3 and 4 from [14], p. 268 for obtaining the last expression. It is

clear that .
o) = Yulfl(w) = / 2, (Z) 1 (;) L
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1

where 9, () = 22 Y, (x). Then

Mgl =) =il o). a2 ()] - s = Mg - 9 M)
So
MH, Y f](s) = MK ](s) M[K2](1 — s) M[f](s).
Substitution of values M[K;](s) and M[K3](1 — s) from [14] into this expression
gives (19).
2) Denoting m(s) = M[K](s) we can write
MIH, Y, fl(s) = M[K](s) M[f](s)-
Using formula 18 from [14], p. 302 we get

2 gvti
K(r) == ——

T l—a?
Applying (10) we obtain (20).
O

It is easy to see that for v = $% the operator H, ), is equal to Hilbert transform

on semi—axes:
o0

H [yl](a;)zz/ 2/

3 ] 2—2"
0

It is easy to explain this fact. We know that (see formulas 14 and 15 in [13], p. 90)

Jy(@) =Y.y (x) = (2) : sin(z),

T
9\ 2
Vi(z)=—J_i(x) =— (mz:) cos(z).
Then for v = % operators H, and ), are cosine- and sine-Fourier transforms.
Accordingly, for v = f% operators H, and ), are sine- and cosine-Fourier

transforms. Superposition of such transform operators is a Hilbert transform on
semi—axes, cf. [7].

Theorem 2. Let f € L3, 3 << 3 —|v]. Then
1) operator Y, H, acts in Mellin images by the formula (9) with multiplier

(22) m(s) = —ctg [(W) n] , Res = p,
2) the formula
(23) vl =2 [ (5)
0
1s valid.

The proof of this theorem repeats the proof of the theorem 1.

From (20) it is clear that Y, H, = —H_,)_, and we can consider only one of
these compositions.
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3. PROPERTIES OF H,, ), AND THEIR COMPOSITIONS

3.1. Norms in L5(0,00) of H,, ), and their compositions. Next we consider
norms of H,, J, and their compositions in Ls(0, 00). For estimation of norms of
H, and ), we use (18) and (16) which we write in the form:

(24) M) =m0 |11 (1] )

x x

@) M) = mls) cos (45 v) T 2r ()] 0

x xZ

To obtain (24) and (25) we used formulas 3 and 4 from [14], p. 268.

It is obvious that for operators H, and ), representation (9) does not hold,
hence we can’t apply the lemma 1 directly. We introduce auxiliary operators H,
and 5&, according to the formulas

(20) i = [4(%) (%) rod,
0

@7 v = (v (5) (3) s
0

obviously (see (21)), that for any function f € Ly we have
Hl/f:ﬁljf7 yuf:yufv

for=11(3):
MIH, £1(5) = MIH, () = m (5) MIF](5)

MV, f1(s) = MV, fl(s) = my(s)ctg (s + % - 1/> gM[f}(s).

Thus for (26) and (27) the representation (9) holds with multipliers of operators
H, and ), accordingly. Let show that

where

Wherein

1 1
1 (3)| =1t
Lo
Indeed
1, 1\ r i T
—fl=)] de=— [ [tF )= = t)|2dt.
J137(5)] ae=- [usor = [1se
0 [e§] 0
We have o
Hl,f L Hl/f L 2
s, = sup WETEe g WSl
rers Wl rers |IfllL,
Similarly we obtain ||V, ||z, = ||J||,- Now we can use lemma 1 to proof next two
theorems.

Theorem 3. For v > —1 operator H, is unitary in L.
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therefore the
Let write its

Zloxasameavcmeso. The space Lj is obtained from L;,, when p =
multiplier of operator H, for v > % is defined on the line Res =

values on this line:
1+v—14
(b))
mliE+=)|=|—F-=%
2 T ( 171/715)
2
Considering that |z| = |z| and T'(z) = I'(2) we obtain
. 1
m(ie+3)

for any ¢ € R. That means unitarity of H, and, consequently, H, by lemma 1. [J

1
2
1
3-

=1

Remark 1. It is easy to see that for complex v the operator H, is not unitary in
Ly. Indeed, let v = X+ iu, p # 0 then

I (AtliGuets)
(i) E; |

It is obvious that the modules of imaginary parts of the arguments of gamma-
functions are equal here if and only if &€ = 0 and, consequently, equality (15) is
not true for almost all £ € R.

Theorem 4. For v € (—1,1) the operator Y, is bounded in Ly and
Ll <y < l;

1

HyVHL = { i nv 2 1

’ tg (5)], ve(-1,-3)U(3.1).

Jlokazameavcmeo. Let write multiplier of operator ), on the line Res = %:
1+v+i. 1—v+i
(i) G L e )
m(i€+ <) =

e )

(55

Here we use formulas |T'(z)| = |T'(z)],
1 T
I 2+Z)F(2_Z)_COS(7TZ),
L0 = 2) = sinZ:rz)
and
IT(2)] = [['(2)]

Since for k € Z
lim tg(z) =0

z~>§+ﬂ'k

we require that v # 2k + 1. For —1<v<1 this requirement is obviously satisfied.

Because the (see [12])
1
i (54 3)|
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we have that ), is bounded in Ly. Using that

621'2 -1
tg(z) = (—i)———
8(:) = () Sy
we obtain
€ —v 2
’tg <2> T = fu(§),
where )
(€)= e~ — 2e " cos(vm) + 1
VST em2il 4 2emE cos(vm) + 1
We have

sup f,(§) = f.(0) = ‘tg (%W) )2

£ER
for v € (—17—%) U (%, 1) and
Supfu(f) = fl,(OO) =1

£eER

for —1 < v < 1. Therefore, noticing that ||V, ||z, = V||, we get statement of
the theorem, by the lemma 1 O

Theorem 5. Operators H,Y, and Y, H, are bounded in Lo for —1 < v < 1. The
formula for norms

1 —
H Yl = |90 Holls = {

)

|t (%)

is valid.

Toxasamenvemeso. The multiplier of Y, H, on a line Res = % is
. 1y €—v+1 B € —v
m<z§+2)— ctg( 5 )W-tg( 5 )77.
sup

€ —v
te (55 ) | = I
£ER

It remains to note that ||J,H,||L, is an even function of v and is defined on
symmetrical interval. Finally, since H,), = —-Y_, H_,, we have

||Huyu||L2 = ||yl/HV||L2'

We have

]

3.2. Boundedness of H,, ), and their compositions in weighted spaces.
Let consider weighted Lebegue spaces Lo ;. Since the boundedness of operator A

acting from £, , to L, is equal to the boundedness of operator B = T Agr e
acting from Lo to Lg, all statements of lemma 1 are preserved for the weighted
case with changing i¢ + % to i€ + u. However, as was noticed earlier we can’t apply

lemma 1 directly to operators H, and ), that is why we will use fly and ;)71, again.

It is easy to see that
1 1
+(3)
x x

HHV| |£2,,4,—>£2,1—,4, =

= [1fllzs,

Lo,
and
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||HVf||ﬁ2,17u . ||HVf||52,1ﬂL
sup ———— 4 = —_—
fE€L ||fH£2,u fe€Lay ||f||£2,1fu

Similarly we find that

= [[Hollzo -

HyVHEZ,[J.*}‘CQ,lf[J. = ||yV||£2,17u'

It follows that if in lemma 1 we change i§ 4 % to i€ + 1 — p it is possible to use this
lemma for operators H, and ), in spaces L2 .
First we prove the auxiliary lemma.

Lemma 4. Let o, 3 € R and « # 5. Then the next relation

b L€ + ) _
eer | D(i€ + B)
0, a > B;
— ) oo, a=-—n, f#—m, n,m € Ny;

F(g) < g<oo in other cases

q, where ‘ )

is valid.

JHoxazameavcmso. 1. Lel a > . In virtue of asymptotic formula (see [12], p. 62,
formula 4)

F<Z§ + a) o (ie)0—B
we obtain
P +a)l [ oo, a>p;
(28) o5 ‘ TG+ 5)| { 0, a<§B

and the first statement in curly brackets is proved.
2. Let a = —n, 8 # —m, n,m € Ny. In this case the numerator of the considered
relation has a pole at £ = 0 at the same time the denominator at this point is finite.
3. Let |a| < B, @ # —n, n € Ny. Using formula (see [25])

2
. &
1+ ((B+s)>
2
_ 3
=01+ (m)
2

¢
we obtain that % < 1for (o« — B)(a+ B+ s) < 0. Therefore for o < 8 this
@ts)

is true for any s is @ + 8 > 0. These two conditions are equal to |a| < § since by
condition of lemma « # (. So we have that for |a| < 8 supremum is at £ = 0.

4. Let a < 8, a+f < 0. From (28) follows that sup ‘ ;Ezgig;
¢eR

n € No. If « = —n, 8 = —m, n,m € Ny, then using formula 11 from [12], p. 61 we
get

‘I‘(z{ +a)
I'(i& + B)

_ ‘rm)
I(3)

is finite for o # —n,

m!

ol

‘ T'(—n)
I'(=m)

and thus the lemma is completely proved.
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Theorem 6. The operator H, acting from Lo, to L2 1-, is unbounded under any
of the next conditions:
1. u—l/:Qn—i—%,neNO.

2. u < %
In other cases it is bounded and for its norm the formula
2w—2u+3
1 ) i e
viLa—La1—p T (2V+iu+3)
is valid.

Jokaszameavcmeo. We can write the module of the multiplier of H, on the line
Res=1—

2w4i26—2u+3
(st

2 —i2¢4+2u+1
()
2426 —2u+3

[ ()

2v4i26+2p+1
r(Begen)

=243 g 20423
i P = 1

m(i€ +1 — p)| =257

— 93

Now setting av = and applying lemma 4 we get statement of
the theorem. 0

Theorem 7. The operator ), acting from Lo, to Lo 1, is unbounded under any
of the next conditions

1. p< %

2. ,u:I:V:Qn—I—%, n € Np.

In other cases it is bounded. If at least one of the conditions

3. pu>1 anduZ—% and p+v <2

4.1 <2 and 1/% and p+ v > 1 is satisfied then for ), norm the formula

T (2ufip«+3) T (721/742,u+3)
F (—21/—'1;12/1.-‘1-5) F (2z/+i/t—1)

1_
||y1/||[/2,u—>£2,17u =2z a

s valid.

oxa3amenvbcmeo. Let COIlSldeI‘ the multlpher m()dule ()f yy on the llne Re S = 17}1.
F '25—{-2 —2pu+3 F '25—2 —2pu+3
(’L : ‘ ) (’L L - )

T <i2§—2u4—2u+5> T <i2§+2u4+2u—1)

m(i€ +1— p) =257

Nowsettinga:%,ﬂz%,&: , v =

Noticing that if each functions f(z) and g(z) has maximum at xo then function
p(z)=f(z)g(x) has maximum at the same point. Now applying lemma 4 to relations

F(§+a) P(§+9) P(§+a) F<§+9)
o) )l ol e

we get statement of the theorem. O

—2v—2u+3 2v+2pu—1
4 4 :

Turning to the consideration of composition of H,, and ), we should notice that
the representation (9) is valid for them and we can apply lemma 1 directly.
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Theorem 8. The operator H,)Y, is unbounded under in Lo, if p v =2n+ %,
n € Z. In other cases it is bounded and for its norm the formula

Ho Dol =
1, w+ve@2n2n+1), neZ;
B ‘tg(%)n, p+ve(2n—1,2n—3)U(2n—3,2n), n € Z

is valid. For p4+v =n, n € Z and only for them operator H,)), is unatary in Lo ;.

Joxasamenavcmeo. By the formula (19) for s = i€+pu we can write out the multiplier
module of H,),

[m(i§ + p)| = ‘tg <
Putting % = —3 we get function f,(£) which we studied in proof of theorem
5 From the properties of this function and from lemma 1 we obtain statement of
the theorem. (I

i2§+2u+21f1) ‘
n|.
4

Caencrsue 1. Since Y, H, = —H_,Y_, we have analogous theorem for YV, H,
with replacement v to —v.

3.3. Composition H,H, integral transforms. Similarly to what was done in
the proof of theorem 6 by the formula (18) for f € L5, we obtain

MIH, H fl(s) = mu(s)my (1 = s) M[f](s) = m(s) M[f](s),

(29)

< p < mi 3+ 3+
min | = + v, = .
sSp 5 15 T

Here

T (25+iu+1 ) r ( —28-22’\/—&-3)

m(s) = T (725+421/+3) T (2s+i'\/+1) ’

Res = pu.

It is obvious that |m (if + %)| = 1 for all £ € R. So the operator H,H., can’t be
presented as Mellin convolution with a kernel from Ly. One way or another equality
must be fulfilled (see [27], p.53)

1Kz, = 5 [ |m (i€+ 3)
0

We are looking for H, H, in the form suggested by the lemma from [11], p.78.

2
de.

Lemma 5. To each bounded linear operator T in Ly(0,00) corresponds a function
P(z,t) belonging to L2(0,00) by t for each x € (0,00) and having a property: for
all f(t) € Ly(0,00) almost everywhere on axe x

T[f)(z) = C% / P(z,t)f(t)dt.

0

Therefore, let

) i) = [ (2) fa =4 7K () wron™.
0
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then M[H, H,f](s) = M [LK *(yf)] (s) = (1 = s)M[K * (yf)](1 - 5) = (1 -
SIM[K](1 — s)M[f](s). Comparing with (29) we obtain

m(s) = (1 — s) M[K](1 - s),

whence

_ 1 T(EEET ()T (E)
2T (—23-22u+1) T (25+iu+3) T (% + 1)

Applying formulas (9), p. 728 from [22] and 5, p. 268 from [25] we get

s—2y 1 542y
2,1 y 4
K(J?) = _GB,S (54321/ 0 57421/ 'Iz) )
4 Y
where G3231 is the Meijer G-function (5).
The substitution in (30) gives the final expression for H, H.:

M[E](s)

4

o0

d 572')/7 1’ s+2v T 2
H, [H’Yf](x) = _ﬁ GBQS s4i2u 0 s{?u ‘ (y) f(y)dy
0 &

Remark 2. Similarly, one can obtain the formula for V,), and H,)Y., but they
are cumbersome.
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