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Abstract. We consider the macroeconomic model of T. Puu, describing the fluctuations of 
gross income in a given region. With a special combination of savings and investment rates, 
income deviations will take place only for a finite period of time, after which the income will 
return to a stationary state. This effect is known in mathematical physics as the Huygens 
principle. We investigated this model using statistical methods of data analysis. The obtained 
results suggest that the Huygens effect hypothesis in certain historical periods of the Russian 
economy is plausible. We have also considered the structure of the set of stationary zeros for 
nontrivial solutions to a stationary equation.

1. I n t r o d u c t i o n
T he H uygens principle is a phenom enon th a t  is well-known am ong researchers in th e  hyperbolic 
p a rtia l differential equations and  wave processes field. In  accordance to  J. H ad am ard  [1] and  I.G . 
P etrovskii (see [2], p. 353-354) an  in itial-value problem  (th e  C auchy problem  for a hyperbolic 
equation) satisfies th e  H uygens principle in th e  narrow  sense if for any po in t in space, th e  
dim ension of th e  so lu tion  dependence dom ain  on th e  in itia l d a ta  is less th en  th e  in itia l d a ta  
space dim ension. T his phenom enon takes place for th e  3-d wave equ a tio n  describ ing th e  sound 
and  light p ropagation . I t m anifests itself in th e  fact th a t  v ib rations caused by a localized source 
occur w ith in  a finite period  of tim e w ith  no aftereffect, so th e  wave has a sharp  p rim ary  wave 
front and a sharp  secondary wave front.

Im p lem en ta tion  of th e  H uygens principle in a narrow  sense is rare, it depends on th e  ty p e  of 
wave process, and  on th e  p roperties  of space (dim ension, hom ogeneity). So, on th e  plane, th e  
principle ceases to  work even for th e  wave equations, and  in th ree-d im ensional space does not 
hold for sound waves p rop ag atin g  in an  inhom ogeneous m edium . A good exam ple of a secondary 
wave fron t absence is th e  waves spreading  on th e  surface of w ater: th e  in stan tan eo u s source is 
fixed a t an o th er po in t on th e  surface for a long tim e. You can  observe th is  phenom enon w hen 
you th row  pebbles in w ater. A pebble th row n  in w ater creates a lot of concentric circles which 
are th e  wave on th e  w ater surface. A nd th is  wave, reaching an o th er po in t on th e  w ater surface, 
is observed over th ere  for a long tim e. O nly g radually  w ate r calm s down again.

L et us s ta te  m ore precisely H a d am ard ’s fo rm ulation  of th e  H uygens principle, following [3]. 
C onsider th e  hyperbolic equation  of th e  second order

n n „2 n d
L [u\ =

b (x )  dx i  +  c (x )u  ° ‘ (1)i=0 j =0 j  i=0 i
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L et us set th e  C auchy problem  for equation  (1)

du
L[u] =  0, и  \m  =  Ф, d v  =  Ф- (2)

H ere M  is a space-like m anifold of dim ension n, called th e  in itia l m anifold, v  is th e  u n it norm al 
vector for th e  m anifold M . We say th a t  equa tion  (1) (o p e ra to r L) satisfies th e  H uygens principle 
if th e  solution  of th e  C auchy problem  (2) a t each po in t x  depends on in itia l d a ta  values only at 
th e  in tersec tion  of th e  in itia l m anifolds M  w ith  charac te ristic  conoid w ith  vertex  a t th e  po in t x.

H ad am ard  [1] form ulated  th e  problem  consisted  in finding all differential equations describing 
wave processes for which th e  H uygens princip le in a narrow  sense fulfilled. From  th e  m om ent 
th e  problem  was form ulated , a lot of works had  appeared  to  prom ote its  solution. T h is artic le  
is no t in tended  to  be an  exhaustive review, pursu ing  only th e  aim  to  presen t th e  applied results 
of th e  au tho rs. R egard ing  th e  developm ent of th e  problem  of th e  H uygens principle, see, for 
exam ple, resu lts [4-6].

T he econom ic theo ry  recognizes th e  u n d u la tin g  n a tu re  of econom ic system s developm ent. In  
th is  regard  it seems ap p ro p ria te  to  ask ourselves w h e th er th e  H uygens principle can  ap p ear in 
th e  economy.

2. M a te r ia l s  a n d  m e th o d s
In  th is  p ap e r we use classical m ethods of m ath em atica l analysis and  th eo ry  of p a r tia l differential 
equations.

3. M o d e l  d e s c r ip t io n
In  accordance to  [7], deno te  by Y  =  Y ( x , y , t )  th e  dev ia tion  of th e  level of incom e from  th e  
s ta tio n a ry  s ta te  a t th e  po in t (x ,y ) a t th e  m om ent t. To be m ore precise, Y  =  Y ( x , y , t )  is a 
co n trib u tio n  to  gross dom estic p ro d u c t, nevertheless, we use term inology  of [7]. Suppose th a t  
savings S  are  in a given ra tio  s =  s(t )  to  incom e. Let v  =  v( t )  be th e  ra tio  betw een th e  fixed 
cap ita l and  incom e. B y I  we deno te  investm ents, which, by definition, are  th e  ra te  of change in 
fixed cap ita l. Therefore,

d Y
1 =  v - й -

d Y
S  =  s ^  (4)

A ssum e th a t  th e re  is an  adap tive  process in w hich incom e increases pro  ra ta  to  th e  difference 
betw een com ponent, p roportiona l to  investm ents and  savings: Y  ~  ( a l  — S ). Suppose th a t  a 
sim ilar delay regulates investm ents:

d Y
=  a I  — S  =  a l  — sY,  (5)

d I  d Y  nT
d t  =  v ~dt — в 1 - (6)

D ifferen tiating  (5) w ith  respect to  t, we get:

f  =  a  I  +  a l  — s Y  — s Y . (7)

Expressing  I  from  (6) and  su b s titu tin g  in (7), we obtain :

Y  =  (a v  — s)Y  — s Y  +  ( a  — a@)I.  (8)
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Now, expressing I  from  (5), we finally get th e  equation  of income:

a Y  — ( a 2v — a s  +  a  — af t  ) Y  +  (af t s  +  a s  — a  s ) Y  =  0 . (9)

E q u a tio n  (9) includes th e  geographic coord inates as sim ple p aram eters , therefore, (9) is an  
o rd inary  differential equation . If we add  th e  assum ption  of in ter-regional tra d e  to  (5 )-(6 ), then , 
in th e  first approx im ation , th e  tra d e  balance will be defined by th e  expression

(  d 2Y  d  2Y  )
" i Y  =  m ( a X 2  +  W ) , <10>

w here m  is th e  facto r of p ro p o rtio n a lity  charac terizing  p ropensity  to  im p o rta tio n . U nder these 
assum ptions, equation  (9) will be replaced by th e  p artia l differential equation:

a Y  — ( a 2v — a s  +  a  — af t  )Y  +  (a f i s  +  a s  — a  s ) Y  =  m A Y .  ( 11)

In  m onograph  [7] it was assum ed th a t  th e  coefficients s, v  were co n stan t, a  =  в  =  1, thus 
equation  (11) took  th e  form

d 2Y  d Y
~ W  — (v — 1 — s ) ^  +  s Y  =  m A Y - (12)

4. A  m a n i f e s t a t i o n  o f  t h e  H u y g e n s  p r in c ip le
L et us consider a special case of se ttin g  th e  coefficients in equation  (11). A ssum ing th a t  a  and 
в  are co n stan t, we p u t

s =  s(t)  =  s0e—e t , (13)

в=  v (t) =  — e +
a

T h en  equation  (11) takes th e  form

v  =  v (t) =  — e~ et +  в  — —  . (14)
a  a  a t

d 2Y  1 d Y  т лтл
d t 2 +  t  d t  =  a  ( )

E q u a tio n  (15) is a singular equation  know n as th e  E u ler-Po isson-D arboux  equation  (see [11]). 
T he left side of th is  equation  contains th e  Bessel o p era to r B Y =  d 2/ d t 2 +  y / x  d / d t , Y  =  1. 
S ingular p a r tia l differential equations w ith  th e  Bessel o p era to r were stud ied  by I. A. K ipriyanov 
and  his s tu d en ts  [8- 11].

T here  is, it should be noted , a q u a lita tiv e  featu re  th a t  arises w hen considering equations (15): 
th e  H uygens principle ap p ears  for th e  equation  w ith  an  even num ber of sp a tia l variables [12-14]. 

In  our case, by d irec t verification, it is easy to  see th a t  th e  function

Y ( x , V, t ) = ,  1̂ ^  f  Ф(С,П) dk n  =
2 n t J m / a  J

S ,—-j— ,(x,y)
y / m / a  t 4

П __ __

=  —  /  ф(х  +  4 m t  cos 6 , v ^  m t  sin в) d0, (16)
2n  J  у a  у a

— П

w here S ^ m / a t (x>v) is a circle on a plane cen tered  a t th e  po in t (x ,y )  w ith  th e  rad ius д /m / a  t,

is a regular so lution of equa tion  (15) and  satisfies th e  in itia l conditions

d Y
Дп+о Y ( x , y , t )  =  ф( х , y),  t lmio d f  ( x , V, t )  =  °. (17)
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T a b le  1. M acroeconom ic ind icato rs of R ussia  for 1992-1995.

IN D IC A TO R S 1992 1993 1994 1995

G D P nom inal, billion rubles (Y) 19000 172000 611000 1429000
Savings, billion rubles (S) 10,024 63,3968 183,1425 396,8088
Fixed investm ent, billion rubles (I) 2700 27100 108800 267000

T a b le  2. M acroeconom ic ind icato rs of R ussia  for 1996-1998.

IN D IC A T O R S 1996 1997 1998

G D P  nom inal, billion rubles (Y) 2008000 2343000 2630
Savings, billion rubles (S) 543,487 513,8346 0,50809
Fixed  investm ent, billion rubles (I) 376000 409000 407

Now le t’s pay a tten tio n  to  th e  following specificity in th e  definition of function  (16). In  
order to  d eterm ine th e  value of th e  incom e dev iation  Y  a t th e  po in t (x ,  y ) a t th e  tim e t , it 
is sufficient to  set th e  values of th e  function  y ( x , y )  only on th e  circum ference S ^ m / - t ( x ,y ) .

An open circle w ith  th e  bo u n d ary  S ^ m / ~ t ( x , y )  will be a lacuna, th a t  is, a set of points, on

which a change in th e  in itia l d a ta  will no t en tail a change in th e  so lution a t th e  po int (x,  y ) a t 
th e  tim e t . T he ex terna l p a r t of th is  circle will also be a lacuna. In  o th er words, th e  dom ain 
of dependence of th e  solu tion  to  C auchy problem  (15), (17)at th e  po in t ( x , y )  a t  th e  tim e t  is 
th e  circle S ^ m / - t ( x , y ) .  Therefore, th e  dim ension of th e  dom ain  of dependence to  th e  solution

on th e  in itia l d a ta  is less th a n  th e  dim ension of th e  in itia l d a ta  m anifold, th a t  is, th e  Huygens 
principle takes place [15,16]. From  th e  po in t of view of th e  app lica tion  considered here, it m eans 
th e  following. T he in itia l dev ia tion  of incom e, localized on th e  plane, will cause th e  dev iation  of 
incom e localized in tim e a t po in ts in th e  plane. T h a t is, incom e deviations will tak e  place only 
for a finite period  of tim e, a fte r w hich th e  incom e will re tu rn  to  a s ta tio n a ry  s ta te . B u t th en  a 
sim ilar s itu a tio n  would m ean a kind of fu tility  of th e  efforts of these sub jects. We leave aside th e  
possib ility  of creating  conditions u nder w hich th e  in p u t d a ta  could be determ ined  by form ulas 
(13) and  (14). I t seems to  us th a t  w ith  a ce rta in  influence of some cen te r on th e  behavior of 
sub jects  involved in com m odity  exchange, these conditions are q u ite  feasible.

In  order to  build a specific version of th e  P u u  m acroeconom ic m odel based on our assum ptions, 
we take th e  ind icato rs of th e  gross dom estic p ro d u c t (G D P), p o pu la tion  savings and  fixed 
investm ent in R ussia  in a d iscre te  m easurem ent w ith  an  in terval of one year for th e  period 
1992-1998. We m ade calcu lations based on th e  s ta tis tica l d a ta  given in Tables 1-2, w hich is 
com piled from  th e  d a ta  of th e  R ussian  Federal S ta te  S ta tis tics  Service (R ossta t) [17].

T he fact th a t  th e  savings ra te  is given by th e  form ula (13), should ap p ear in a d iscre te  
m easurem ent w ith  an  in terval of one year in such a way th a t  th e  annual values of th e  savings 
ra te  would be geom etric progression. C ertainly, t h a t ’s no t exactly  possible. O n th e  basis of 
qua lita tiv e  econom ic analysis, it can  be assum ed th a t  such dynam ics of th e  savings ra te  took  
place for R ussia  in 1993-1998. O f course, th is  period  is qu ite  short, b u t it characterizes a 
ce rta in  stage in th e  developm ent of th e  R ussian  economy. U sing R o ss ta t d a ta  [17] on GDP, gross 
dom estic p roduc t, savings and  investm ents over th e  period, we calcu lated  th e  ra te  of decline in 
th e  savings ra te . I t tu rn ed  o u t th a t  it was falling approx im ate ly  in geom etric progression (we got
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an  ad eq u ate  m odel w ith  th e  coefficient of d e term in a tio n  R 2 =  0, 89). T his suggests th e  possible 
presence of th e  H uygens principle in th e  dom estic econom y in 1993-1998. A sim ilar analysis 
of d a ta  for som e o th e r countries of th e  form er U SSR  (for exam ple, K azak h stan ) over th e  sam e 
years did  no t suggest th e  presence of th e  H uygens principle in th e ir economies.

T he linear m odel considered by us, of course, misses m any nuances of dynam ics in th e  sub ject 
area. In  add ition , a p a rtia l differential equation  satisfy ing th e  H uygens principle is a rare  
phenom enon. In  our case, th is  ” ra r ity ” is m anifested  in th e  fact th a t  even a sm all dev iation  of 
th e  values s and  v  from  th e  form  (13)-(14) will lead to  th e  loss of th e  H uygens principle. In  our 
opinion, th e  s tu d y  of th e  H uygens principle in th e  econom y could help in study ing  th e  influence 
of control actions on th e  reaction  of th e  econom ic system  in th e  short and  long term , including 
th e  analysis of ind iv idual m acroeconom ic m arkets. In  p articu la r, tak in g  in to  account O ukens 
law th a t  links fluctua tions in unem ploym ent to  GD P, we have every reason to  believe th a t  th e  
H uygens principle, if it m anifests itself in G D P fluctuations, will also ap p ear in labor m arket 
fluctuations.

5. T h e  s t a t i o n a r y  P u u  e q u a t io n
A ssum ing th a t  in some dom ain  Q с  R 2 th e  following conditions hold 

d Y  d 2Y
—— =  0 , — 17- =  0 , a  =  const, в  =  const, s =  const, v  =  const, (18)
d t  d t 2 K J

we o b ta in  th a t  equa tion  (11) takes th e  form

m A Y  — а в -sY =  0. (19)

E q u a tio n  (19) describes a s ta tio n a ry  incom e d is trib u tio n  not depend ing  on tim e. We say th a t  
th e  point ( x ° ,y ° )  is th e  hopelessness po in t of th e  P u u  m odel (19), if

Y (x0, y0) =  0, V Y (x 0, y0) =  0. (20)

E qualities (20) should be regarded  as th e  absence of dev ia tion  from  th e  fixed incom e level and 
th e  absence of tendency  to  dev iation . T his justifies th e  nam e we have chosen. We say th a t  th e  
set of all hopelessness poin ts is th e  hopelessness set of th e  P u u  m odel. T he following sta tem en t 
was proved in [19].

T h e o r e m .  The set  o f  stat ionary zeros o f  a nontrivial  solution to the elliptic equation

P ( x ,  D ) u  =  ^  p a ( x ) D a u  =  0, x  £  Q С Rn , n  > 3, (21)
H<2

where pa £  C ^ (Q ) ,  a  £  (N U {0})n , |a | =  a 1 +  . . .  +  a n , D a =  d'la'l/ ( d x f 1 ..  .OxOf ), in the 
neighborhood of  any stat ionary zero is contained in a stratified mani fold G  =  (Jrk=0 M k , where 
M k (k  =  0 , 1 , . . .  , r  < n  — 2) is a real analytic mani fo ld o f  d imension k.  In  particular, when  
n  =  3 is the intersect ion o f  a sufficiently smal l  neighborhood o f  the stat ionary zero x 0 with the 
set  o f  all other stat ionary zeros is a f inite set  o f  intervals with a com mon end at the point  x 0 . For  
n  =  2 , the set  o f  stat ionary zeros o f  a nontrivial  solution to elliptic equation (21) can contain  
only isolated points.

In  p articu la r, it follows th a t  th e  set of hopelessness of th e  P u u  m odel can  consist only of 
iso lated  hopelessness points.
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6 . A n  a p p r o x im a t io n  o f  w a v e s  s a t i s fy in g  t h e  H u y g e n s  p r in c ip le  b y  d if fu s io n  w a v e s
We have already  no ted  th a t  th e  m an ifesta tion  of th e  H uygens principle is a phenom enon qu ite
ra re  am ong th e  varieties of wave processes. Therefore, it is very difficult to  select th e  in p u t d a ta
(coefficients) of th e  m odel and  to  im plem ent it practically . Let us pay a tten tio n  to  one m ore 
aspect re la ted  to  this: an  app rox im ate  se ttin g  of th e  required  coefficients will no t lead to  th e  
H uygens principle. N ext, we describe a p a rticu la r case of such an  approxim ation .

C onsider th e  C auchy problem

w  =  £  d U  +  ^ x  €  * ' < >  ° - C г  °- (22)k=1 k

u(x ,  0) =  ф(х),  x  €  R 3, (23)

du
—  (x,  0) =  ф(х) ,  x  €  R 3. (24)
dt

T he so lution of problem  (22)-(24) is deno ted  by u c( x , t ) .  I t is know n [18], th a t  th e  function  
u c( x , t )  can  be expressed by th e  form ula

d  1 1 д  г /______  \
Uc(x, t)  =  —  I t d t  P2j o ( ic y /t2 -  p2)Q(<f, x ,  p) dp  I +

t
i  д  г ._____

+ t d t  P2 j o(i c V t 2 -  p2) Q ( ^ , x , p )  dp, (25)
0

~~ ( —1)k z2k+v
— 2- ^  22kH 

k=0

is th e  Bessel function  of th e  order v ,

where

Jv (z ) k=o 2 2k+ vkW (k  +  v +  1)

(iz)  =
z2k+v

k o 22k+vk!T(k +  v  +  1) 

is th e  Bessel function  of th e  order v  of an  im aginary  argum ent,

Q (^  x,  p) =  4^  £  Ф(0  (Щ

\£- x\=p

is th e  spherical m ean of th e  function  ф ^ )  over a sphere w ith  th e  cen ter a t th e  po in t x  and  th e  
rad ius p .

N ote th a t  th e  function  u 0( x , t )  is fundam en tally  different from  th e  function  u c( x , t )  w ith  
c =  0. L e t’s explain  it. For th e  function  u 0( x , t )  rep resen ta tio n  (25) can  be converted to  th e  
K irchhoff form ula [18]:

d
U0(x,  t)  =  tQ (ф, x,  t) +  d t  ( t Q (p ,  x,  t)).  (26)

If c =  0, th e  in teg ra tion  in form ula (25) is perform ed on a ball cen tered  a t x  and  w ith  th e  rad ius 
t , while in form ula (26) th e  in teg ra tio n  is conducted  along th e  b o u n d ary  of th is  ball, th a t  is, th e  
H uygens principle takes place.
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We assum e th a t  for any reason we canno t c rea te  a p rerequisite  for fulfilling conditions (2 2 )- 
(24) w ith  c =  0, b u t we can  create  prerequisites for fulfillm ent of these conditions w ith  c =  0. 
In  th is  case, we will try  to  m ake th e  p aram ete r c as sm all as possible. In  th is  sense, c can  be 
considered a ’’control p a ram ete r” by w hich we will app rox im ate  th e  function  u 0(x, t) ( th a t is, th e  
so lution of th e  problem  (22)-(24), satisfy ing th e  H uygens principle) by functions u c( x , t )  ( th a t 
is, solutions th a t  do no t satisfy  th e  Huygens principle and  have th e  p ro p e rty  of wave diffusion).

Below, considering c as a control param eter, we evaluate  th e  proxim ity  of th e  functions 
u 0( x , t )  and  u c( x , t )  for a sm all c =  0 a t sm all and  large tim e intervals.

T h e o r e m .  Let

Ф € C 3(R 3), ф € C 2(R 3), \ ф ) \  < M ,  \^ (x) \  < M ,  x  €  R 3.

Then  the following es timates  are valid:

\uc(x,  t) — u 0(x,  t)\ <  M
's h (c t)  — ct  . , , _ c2t2 2

+  ch (ct) — 1 —
,

\uc( x , t )  — u 0(x , t ) \  < L c 2t 3,

where L  doesn’t depend on c and t.
Proof. We have:

\uc(x, t) — uo(x,  t)\ <  I i  +  I 2

where
t

I  -■

I 2 =

1 д  f  ______
t d i j  P2Q ( ^ , x , p ) ( J o ( i ^ t 2 — p2) — 1) dp

0

d t  ( ! § t  J P 2Q(T , x , P) ( J o( icV t2 — P2) — 1) dP

We evaluate each of th e  term s I 1, I 2. A t first, consider I 1. C alcu la ting  th e  derivative d t , 
tak in g  in to  account th a t  J 0(0) =  1, we o b ta in

I1
1 r d ,_____
t j  p2Q ( ^ , x , p )  —  ( J 0( ic y / t2 — p2) — 1) dp

C onsidering th e  defin ition  of th e  Bessel function  by m eans of a generalized power series, we 
o b ta in

I1
1 f  d  ^

P2Q(^ , x , P) 
n k=1

d  ^  c2k( t2 — p2) k , 
x 2—  dp22k (k !)2

r ^  c2k (p
/  p2Q(^ , x , P ) Y ; 2 2 k ——i

i  k=i

~  c2k ( t2 — p2)k—1

(k — 1)! k!
dp

T aking in to  account th a t  th e  function  ^ (x )  is bounded , we get

I 1 < M
™ „2k r£ 22k—1(k _  t)! kj Л 2 — pT—'1 <ip

k=1 V '  0

2c

t

t

t
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C alcu la ting  th e  in tegral in th e  righ t-hand  side of th is  inequality, we o b ta in

c2k £2fc+l
h  <

k=1 22k - 1k !r (k  +  3 /2 )

and  sum m ing th e  series in th e  resu lting  inequality, we get th e  final es tim ate  for I 1:

h  < M
sh (ct) — ct

L et us now estim ate  th e  te rm  I 2. F irstly , perform ing in terna l d ifferentiation, we o b ta in

I 2 = d t  ( t /  P2Q(^ , x , P) ^ t ( J o(ic V t2 —p 2) — 1) dp
0

d  ( 1
dt  \ t

~  c2k(t 2 _  p2)k-1
p2Q (p , x , p ) Y^^ 2 2k-1(k — 1)! k!k=i v '

dp

Now we perform  th e  ex terna l d ifferentiation:

I 2 =
c2t2 ™ c2 k [
—  Q (+ , x ,P ) +  ^  22k- 2(k _  2)! k \ Q (+ ,X ,P)P2( t2 — P2) k - 2 dP

k=1 ( )! ! n

F u rth er, tak in g  in to  account boundedness of th e  function  ф (х), we get:

I 2 < M
c2t 2

+ t
2k

k=1 22k-2(k — 2)!fk! j  P2( t2 — P2)k 2 dP =  M  ( ch (ct) — 1 — c~ f )  ■

From  (27) and  (28) we finally o b ta in

\uc(x, t) — u 0(x,  t)\ <  M
's h (c t)  — ct , , , ,s _ c2t2 2

+  ch (ct ) — 1 —
У

(27)

(28)

T aking in to  consideration  th e  series expansion of th e  functions sh (ct) and  ch (ct), we get

\uc( x , t )  — u 0(x , t ) \  < L c 2t 3.

(29)

(30)

T he theorem  is proved.
Inequality  (29) w ith  large values of c and  t  to  som e ex ten t characterizes th e  divergence of th e  

difference u c( x , t )  — u 0( x , t ) .  M oreover, in th is  case, assessm ent (29) is exact in th e  sense th a t  
co n stan t functions <^(x) and  ^ (x )  tu rn  inequality  (29) in to  th e  equality.

For sm all values c and  t, inequality  (30), on th e  contrary , evaluates th e  proxim ity  of th e  
functions u c( x , t )  and  u 0(x , t ) .

c

t

t

2

2c
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7. O n  a  fa m ily  o f  s in g u la r  h y p e r b o l i c  e q u a t io n s  s a t i s fy in g  t h e  H u y g e n s  p r in c ip le .
We will po in t ou t one m ore case w hen th e  H uygens principle takes place in th e  P u u  m odel. 
Here we assum e th a t  th e  tendency  to  im porting  m  also depends on tim e, m oreover m  =  m (t) =  
0, t  > 0. We w rite  th e  incom e d is trib u tio n  equation  in th e  form

« £ + » >  4 + » £ =  Y —  -  0 . » . )

assum ing

= s ( t ) + 1 -  v ( t ) , a ( t ) = т щ . b ( t ) = mm1! )  ■ (32)

L et
s (t)  =  v (t) =  s0e- t , m (t) =  1 +  -f. (33)

T h en  in equa tion  (31)

a(t)  =  b(t) =  f + Y  . s (t)  +  s ' (t) =  0 • (34)

We in troduce th e  function

Y ( x , y , t )  =  2 nft e t £  ф(£, n)dl= 2 n ~ t j  ф(х  +  t  cos 9 , y  + 1 sin 9)d9. (35)
St(x,y) - n

B y d irec t su b stitu tio n , one can  verify th a t  th e  function, defined by form ula (35), satisfies 
equation  (31) w ith  coefficients defined by form ulas (34) and  in itia l conditions

Д о + Y (x -y J )  =  Ф (х’у>- t ' x l ' ^ ^ X r ^ )  = 0. (36)

L et us now consider th e  C auchy problem  of th e  following form:

д Ои  c
д р  =  A b и  +  x n u  =  0, Xn > 0, t >  0, (37)

и  |t=o=  ф(х),  Ut |t= o=  'ф(х'), (38)

ди
|Xn=0=  0, n  =  1(m od2), n  > 3. (39)сл IX■

d xn
H ere A b  is th e  B -ellip tic  o p era to r defined by th e  form ula

П qO q П 1 <~\Q
д  и  y  д и  д  и  ^

A b U = Y 1  д х о  +  x n  d x n  = o x  +  YXnU, (40)
k=i u x k x n u x n k=1 Uxk

w here B 1:xn =  dXXn +  XY~dXt =  x - 1 ^ x l ^ Y  is th e  Bessel opera to r. B -ellip tic  op era to rs  were
stud ied  by I.A . K ipriyanov and  his s tu d en ts  (see again  [8-11]. and  a b ibliographic review there).
I t  is possible to  claim  th a t  th e  th eo ry  of B -ellip tic  op era to rs  has tak en  com plete shape. M uch
less is known ab o u t th e  p roperties  of solutions to  hyperbolic equations w ith  degenera tion  by 
sp a tia l variables.

In  work [4] th e  au th o rs  ob ta ined  a rep roduction  scheme for op era to rs  satisfy ing th e  H uygens 
principle. We give it here briefly in th e  ed ition  necessary for our p resen ta tion . Let

B2v д ov
L n + M  = Х а  +  k ( x n )v -  X O , (41)

9
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T C M  t g — (k ( x >  +  2 (̂ )2) v — g, (42)

w here p ( ( )  is non triv ia l so lution of th e  equation

p "  +  k ( { ) p  =  0. (43)

A ccording to  th e  L agnes-S telm acher theorem , if th e  o p era to r L n+1 satisfies th e  H uygens principle 
th en  th e  o p e ra to r L n+3 also satisfies th e  Huygens principle. B ased on th e  resu lts of work [4], it 
is no t difficult to  show th a t  equation  (37) satisfies th e  H uygens princip le if and  only if

n  3
(Y — 1) 2 — 1 — 4c — 4p(p  +  1) =  0, p  =  1, 2 . . . ,  —2—  . (44)

F u rth er, using th e  L agnes-S telm acher scheme, it is possible to  o b ta in  o th er equations
satisfy ing th e  H uygens principle. E q u a tio n  (37) can  be w ritten  as

Y
Ln+ 1 [xn u] =  0 , (45)

w here
=  2y — Y2 +  4c =  p(p  +  1)

4£2 {2 .

T h en  th e  function  p ( ( ) ,  determ ined  by equ a tio n  (43), will have th e  form

M 0  =  A1—  +  A 2 i p+1, A 2 +  A 2 >  0 ,

therefore, th e  o p era to r

T _ =  n+2 ^  +  p (p  +  1) ( pA1 — (p +  1)A 2 x 2fp + l \

n+3 =  k=1 d x k dt2 x n V A 1xn +  A 2 x 2rp +2 )k=1 d x k d t 2 x n \  A1xn +  A 2 x 2rP+2

satisfies th e  H uygens principle w ith  th e  equation

9 2u  =  n+1 B (  q ( p A 1 — (p +  1)A 2xnp+1

dt2 =  k=1 d x k a ’Xn+2 u  \  x n+2 V A1xn +  A2xnp+2 /

w here a  and  q are re la ted  by ra tio

4q — ( a  — 1)2 +  1 =  4p(p +  1).

2

u,

R e fe r e n c e s
[1] Hadamard J 1932 Le probleme de Cauchy et les equations aux derivees partielles lineaires hyperboliques

Hermann, Paris
[2] Petrowskyj I 1944 Sur la diffusion des ondes et les lacunes pour les systemes dequations hyperbcliques Izvestiya

Rossiiskoi Akademii Nauk. Seriya M atematicheskaya 8 3 101-6
[3] Ibragimov N H and Mamontov E V 1977 On the Cauchy problem for the equation utt — uxx — ^ aii (x —

t)uViVj =  0 M athematics of the USSR-Sbornik 31 3 347-63
[4] Lagnese J E and Stellmacher K L 1967 A method of generating classes of Huygens operators J. Math. Mech.

17 461-72
[5] Khekalo S P 2008 Solution of the Hadamard problem in the class of stepwise gauge-equivalent deformations

of homogeneous differential operators with constant coefficients St. Petersburg Math. J. 19 1015-28

10



Applied Mathematics, Computational Science and Mechanics: Current Problems______________ IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1479 (2020) 012042 doi:10.1088/1742-6596/1479/1/012042

[6] Berest Yu Yu and Veselov A P 1994 The Huygens principle and integrability Russian Math. Surveys 49 6
5-77

[7] Puu T 1997 Nonlinear economic dynamics Berlin; Heidelberg; New York; Barcelona; Budapest; Hong Kong;
London; Milan; Paris; Santa Clara; Singapore; Tokyo, Springer-Verlag

[8] Kipriyanov I A 1997 Singular elliptic boundary value problems (In Russian) Moscow, Nauka
[9] Lyakhov L N 2007 B-hypersingular integrals and their applications to the description o f the Kupriyanov

functional classes and to integral equations with B-potential nuclei (in Russian) /  Lipetsk, LSPU
[10] Katrakhov V V and Sitnik S M 2018 The transmutation method and boundary-value problems fo r  singular-

differential equations /  arXiv:1809.10887 [math.CA]
[11] Sitnik S M and Shishkina E L 2019 The transmutation operators method fo r  differential equations with Bessel

operators Moscow, FIZMATLIT
[12] Ivanov L A 1979 Huygens’ principle in an even-dimensional space for some equations with singularities

Ukrainian, Mathematical Journal 31 5 433-5
[13] Kipriyanov I A and Ivanov L A 1987 The Cauchy problem for the Euler-Poisson-Darboux equation in

a homogeneous symmetric Riemann space. I. Studies in the theory o f differentiable functions o f several
variables and its applications, Proceedings o f the Steklov Institu te o f M athematics 170 159-68

[14] Zaitsev V A 1978 On Huygens principle for some equations with singularities - Russian Academy o f Sciences
Reports 242 1 28-31

[15] Polovinkin I P 2011 Investigation of the T.Puu linear continual model of returns distribution Scientific
Bulletin of Belgorod State University. Series Mathematics. Physics 17 (112) 24 111-24

[16] Azarnova T V, Gogoleva T N, Polovinkin I P, Rabeeakh S A and Shchepina I N 2016 On Huygens effect in
the continual model of distribution (in Russian) Tambov University Review. Series: Natural and Technical 
Sciences 21 6 2143-5

[17] Website of the Federal state statistics service. Socio-economic indicators of the Russian Federation in 1992­
2008 (Electronic resource) URL: www.gks.ru/doc2009/year09pril.xls

[18] Courant R and Hilbert D 1962 Methods of mathematical physics. V. 2 Partial differential equations Wiley-
VCH Verlag GmbH & Co. KGaA; Markono Print Media Pte Ltd, Singapore

[19] Polovinkin I P 2013 On Stationary Zeros of Solutions of Linear Elliptic Equations Differential Equations 49
1 136-40

11

http://www.gks.ru/doc2009/year09pril.xls

