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GRAPHS AND ALGEBRAS OF SYMMETRIC FUNCTIONS
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Abstract. We describe an algebraic technique for operating with power series whose coefficients are
represented by integrals of symmetric functions f, defined on the Cartesian powers Q" of a set 2
with a measure p. Moreover, each of the coefficient functions f, is obtained by means of a special
mapping from graphs with n labeled vertices belonging to a fixed class. This technique has application
to equilibrium statistical mechanics and to problems of enumeration of graphs.
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1. Introduction. In 1938, J. Mayer proposed to describe the structure of the coefficients of power
series arising in problems of statistical mechanics of gases by means of graphs (see [6, 7]). The con-
struction used in these papers can be easily implemented in the case of the so-called group expansions
in terms of activity degrees (see [5]). The formulas determining these coefficients have complete math-
ematical proofs (see, e.g., [4, 10]). However, this algebraic technique can be generalized and hence can
be applied to a much wider range of problems in mathematical physics. In particular, it is suitable
for calculating the coefficients of the so-called virial expansions of statistical mechanics, which remain
little known (see [1]); these expansions have no rigorous proofs in the mathematical literature. This
paper is devoted to filling this gap. The outline is the following. In Sec. 2, we present necessary infor-
mation (basic notions and facts) from the theory of graphs with labeled vertices; here we omit proofs
(the reader the reader is referred to well-known monographs on graph theory, e.g., [2, 8]). In Sec. 3,
we briefly recall basic information about infinite-dimensional commutative algebras of sequences of
symmetric functions. In Sec. 4, the relationship between graphs with labeled vertices and symmetric
functions is established. The last section is devoted to the proof of the formula that plays the main
role in the construction of virial expansions.

2. Graphs with labeled vertices. Let V be a finite set of elements that are called vertices; we
denote them by lowercase Latin letters. We denote by V(2) the set of all pairs {z,y} C V. A graph with
labeled vertices (in the sequel, we use the term “graph”) over the set V' is an ordered pair & = (V, V),
where the subset U C V(2 is called the adjacency set of the graph; its elements are called edges of the
graph (V, ¥). The graph theory also considers graphs whose vertices are not labeled; they are defined
as the factor set (V, ¥)/Py;| by the permutation group Pjy,. A graph &' = (V’, ¥’) such that V' C V
and ¥ = U N V'@ is called a subgraph of the graph &.

The symmetric binary relation ¥ (the adjacency relation) on V' determines a binary relation on V,
namely, the connectedness relation. Its construction is based on the notion of a path on the graph
& = (V,U). A sequence vy(z,y) = (x,21,%2,...,2T,—1,y) of vertices of V such that {z;,zj;1} € U,
j=0,1,...,n—1, 29 =z, z, =y, is called a path with the set of vertices {v(z,y)}. A pair {z,y} CV
is said to be connected on the graph & if there exists a path (z,x1,x9,...,2,-1,y) containing these
vertices. The subset of pairs of connected vertices generates a binary relation, which is symmetric and
transitive; thus, it is an equivalence relation. Therefore, it generates the decomposition of the graph
into connected, pairwise disjoint components.
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Let &; = (V1,¥;) and B2 = (V3, U3) be connected subgraphs of a connected graph & = (V, ¥) and
VlﬁVQZ{I‘}, V=VuVy, V=0 NUy=g, V=0 UUW,. (2.1)

Then z is called a cut verter of the graph &. Graphs without cut vertices are called blocks. By
definition, each graph {z} with one vertex has no cut vertices. If x is a cut vertex of a graph & (i.e.,
Egs. (2.1) hold), then we say that the graph & is glued at this vertex and denote this fact as follows:
® = & V By (the symbol V denotes the gluing operation). A cut vertex in a connected graph & is
characterized by the following property.

Theorem 2.1. A vertex x of a connected graph & = (V, W) is a cut vertez if and only if there exists
a pair of vertices y1 € V, y2 € V, y; # x, j = 1,2, such that any path v(y1,y2) from y1 to ya contains
the vertex x.

If a vertex x is a cut vertex in a graph & and this graph can be represented in the form

p
6=\/8,
j=1

where &; = (V;,¥;), j =1,...,p, are connected graphs such that
VjﬂVk:{x}, v, NY, =g, jiFEk g k=1,....p

and z is not a cut vertex for all these graphs, then the number p is called the degree of the cut
vertex x in the graph &. The graphs &; are called the components corresponding to the cut vertex x.
If a vertex x is not a cut vertex, then, by definition, we assume that its degree is equal to 1. Each cut
vertex has a degree.

Theorem 2.2. Let x be a cut vertex of a connected graph & = (V,W). Then there exist a number
s > 2 and a unique set of connected graphs &; = (V;, V), j=1,...,s, in which the vertex x is not a
cut vertex, such that the following relations hold:

V=ViUWU---UV,,  VinV,={a), i#j ij=1,....s
UV="U,UPyU--- Uy, v, Nv,; =ad, i1#£4, i,j=1,...,s.

Corollary 2.1. Any finite non-one-vertex graph contains at least two vertices that are not cut vertices.

Introduce a more general notion of the gluing of two graphs. Let two graphs &; = (V;,¥;), j = 1,2,
be such that V) N'Va # @. The gluing &1 V &y of these graphs is the graph (Vi U Vi, ¥ U Wy). This
notion allows one to introduce the following construction.

Assume that the graph & = (V,¥) contains a subgraph &g = (B, ¥p), U = ¥ N B® without
cut vertices such that there exists a set {&(z) = (V(2),V(z));z € B} of connected, pairwise disjoint
subgraphs of the graph & that possess the following properties: BNV (z) = {z}, Yp N ¥(z) = &,
z € B, and the graph & can be represented in the form

o=\ [@B v @(z)]; (2.2)
z€B

some of the subgraphs &(z), z € B, may be empty. Then we say that the subgraph &g is a block of
the graph &.

Since each graph has a vertex, which is not a cut vertex, the following assertion guarantees the
existence of a block in each graph.

Theorem 2.3. Let z be a vertex of a graph & = (V, V), which is not a cut vertex. Then the graph &
contains a unique block &p = (B, V) satisfying the representation (2.2) and containing x.

The following assertion clarifies the formula (2.2).
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Theorem 2.4. Let x be a vertex of a connected graph & = (V, V), which is not a cut vertex, and
®p = (B,VUp) be unique block in this graph, which contains this vertex. Then the graph & can be
represented in the form

p(z)—1

6=\ [esVv| V &) ]]. (2.3)
zeB j=1

where Bp is the block in the graph & containing x, the numbers p(z) are the degrees of each vertex

z € B in the graph &, and the connected graphs &;(z), j =1,...,p(z), are the components of the cut

set corresponding to the vertex z.

A decomposition A of a set I, = {1,...,n} is a disjunct set {I'1,...,T's} of subsets of I,,, called
S
the components, such that |J I'; = I, and I'; N I'y = @ for j # k. The number s = | A is called the

j=1
order of the decomposition. We denote by 67(18)

and by 6 = | (‘5%5) the class of all decompositions. Note that the classes 6,(11) and (‘5%71) contain one
s=1
decomposition, respectively, (‘57(11) ={I,} and (‘57({1) = {Fj ={j}, 7=1,... ,n}.

Let G[V;z] be the class of all connected graphs over the set of vertices V U {z} with a marked
vertex z. This class is a subclass of the class of all connected graphs over V' U {z}. It is characterized
by the invariance under renumbering of vertices of V. Namely, let P belongs to the group Py of
permutations of the set V. Then the numbers of the vertex z in the sets PV U{z} and V' U{z} coincide.
Any renumbering P induces a transformation P¥ = {{Pz,Py} : {z,y} € ¥} of the adjacency set ¥
of each graph & = (V U {z}, ¥) and, therefore, a transformation P® = (PV U {z}, PU¥) of any graph
& € G[V U {z}]. Then the invariance of the class G[V; z] with respect to P means that

PGV;2] = {P&; & € G[V;2]} = G[V;2].

Below, we need the following technical lemmas whose proofs are obvious.

the class of all decompositions of order s of the set I,

Lemma 2.1. The class G[I,;n + 1], n € N, can be represented as the disjunct union
GlLyn+1] = Ug [In;m + 1],

where G() [I;n + 1] is the class of all connected graphs with the set of vertices I,11 such that the
marked vertex is a cut vertex of degree s =1,...,n.

Moreover, it is obvious that PG®)[I,;;n + 1] = GO [I,;n + 1], P € P,,.

Lemma 2.2. If a marked vertex n+ 1 is a cut vertex of degree s > 1, then the class G [I,;n + 1]
can be represented as the disjunct union

G +1]= |J G An+1]
Acely)
with nonempty components, each of which is a class of all connected graphs over the set I,+1 with
the marked vertexr n+ 1 and the degree of the cut vertex s. In this case, the numbers of vertices
(different from n + 1) of the connected graphs &;, j =1,...,s, that are components of the cut vertex
at the vertex n + 1 form a decomposition A € (‘5%5)
verter n+ 1 is not a cut vertex in the graph &;.

with the number of components equal to s and the

Each of the classes G®)[I,,; A,n + 1], A € Gq(f), is invariant under renumberings P € PP, of the set
I,, that do not change the decomposition A, i.e.,

PA=(PAj; j=1,....8) = (A;; j=1,...,8) = A.
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Lemma 2.3. For any disjunct decomposition A = {Ai,...,As} € GS), the class of graphs
GO I; A,n+1], n> s> 1, is equivalent to the Cartesian product

Gk [I; An+1] = ® g_(l)[A;n + 1],
AeA

where GM[A;n + 1] is the class of connected graphs with the set of vertices AU {n +1}, A € A, such
that the vertex n + 1 is not a cut vertez.

Each of the classes G)[A;n 4 1] is invariant under renumberings P € IP,, of vertices that transform
the set A € A into itself, PA= A, A€ A.
Based on the formula (2.3), one can prove the following assertion.

Lemma 2.4. The class C;(l)[fn;n + 1], n > 2, can be represented as the disjunct union

GOLyn+1] = U U GlI; B; C]

BcCI,:|B|>1 (CCB

of nonempty classes G[I,; B; C| of graphs with a marked vertex n + 1, which is not a cut vertex. For
each graph & € G|[I,; B;C), the nonempty set B consists of numbers of vertices of the block ®p
containing the vertexn 4+ 1 and C is the set of cut vertices of the graph with the degree greater than 1,
which are contained in the block &pg.

Each of the classes G|[I,,; B; C] is invariant under renumberings P of vertices that transform the sets
B and C' into themselves.
For each pair of sets B C I,, and C' C B, we denote by © (B, C) the class of functions {B(z); z € C}

on C, where the set of values forms the disjunct decomposition |J B(z) = I, \ B, B(z) # @, z € C,
zeC
and B(z1) N B(zy) = @ for z1 # 2. The following assertion holds.

Lemma 2.5. Each class G[I,; B;C], n > 2, can be represented as the disjunct union

Glln; B; C) = U G[I; B [ {B(2),z € C}]
(B(2); 2€C}eD(B,C)
of nonempty classes G[I,; B | {B(z),z € C}], {B(2); z € C} € D(B,C), such that each graph

® € G[I.;B | {B(z), z € C}] with the sets B and C defined in Lemma 2.4, for which the set of
vertices of the graph glued to the block &g at the vertex z € C' is B(z).

Here each of the classes G[I,; B | {B(z),z € C}] is invariant under renumberings P of vertices that
transform the sets B and C' into themselves and do not change elements of the decomposition {B(z),
z€C},PB(z) =B(z), z€ C.

Lemma 2.6. Fach class C;[In; B|{B(z), z € C}], n > 2, can be represented as the Cartesian product

GIn; B {B(2), z€ C}] = F[Bin+ 1] ® ((X)Q[B(z);Z])

zeC

of the class F[B;n + 1] of graphs without cut vertices over the set of vertices BU{n + 1} and the set
of nonempty classes G[B(2);z], z € C, where each class consists of all connected graphs over the set
of vertices B(z) U{z} with a marked vertex z.

Here for a fixed vertex z € C, each of the classes G[B(z); z] is invariant under renumberings P of
vertices that transform the set B(z) into itself.
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3. Algebras of symmetric functions. Let 2 be a set whose elements are denoted by x,y, z, ... ;
we denote an ordered family (z1,z2,...,2,) € Q" by X,,. A function f,(X,), n > 2, on Q" with
values in C is said to be symmetric if for any permutation P from the group P, of permutations of
the set I,, n € N, the relation f,(PX,) = f,(X,) holds. The set of all symmetric functions on Q" is
a linear variety L, (£2). Consider the direct sum

Loo(©2) = @D La(2)
n=0

of linear varieties Lo(2) = C, L1(Q2) is the linear variety of functions fi(x;) on € and L, (Q2) are
the linear varieties of symmetric functions f,(X,) on Q" n > 2. Thus, L. () consists of sequences
F= (fu(Xa): n € Ny).

On the linear variety Loo(£2), we introduce the mapping Lo X Lo +— Lo, which to any pair of

sequences f(1) = <fT(L1); n€N,) and f® = (féQ); n € N ) assigns a sequence f = (f,,; n € N1) whose
elements are defined by the formula
Fa(Xn) = 3 R (X)) A2 (X (LATD), neN,
I'cil,
where X(I') = (xj,,...,z;,) with I' = {j1,...,2:}, s = |[I'|. We assume that f is the result of applying
a binary operation denoted by * to the ordered pair (f(1), f2)) from L. ().

One can easily verify that the operation * is commutative and associative. Moreover, it is distributive
with respect to the addition of elements of L, (€2) and bilinear with respect to the multiplication of
elements f € L (£2) by numbers from C. This allows one to call it multiplication on Ly (€2). The
linear variety equipped with the multiplication operation * is an algebra over the field C, which is

denoted by the same symbol L (£2). The neutral element of Lo (€2) is the sequence e = (d,,0; 7 € N4).

Moreover, each element f of L., () with fo # 0 is invertible; we denote the inverse element by f_ !,

so that f xf-! = e, i.e., the operation of division by elements fy # 0 is defined. For this reason, the

set of elements ]ng)(Q) = {f € Loo(©) : fo = 0}, which is a subalgebra in L. (f2), is a maximal ideal
in Lo (2) (see [11]). The following assertion can be easily proved (we omit the proof).

Lemma 3.1. For any element f € IL&?(Q), the equality (f.),(X,) = 0 is valid for n < 1. For n > 1,
the following formula holds:

l
(f)n(Xn) = 1! > [T fir, (x(@))).
A={T1,...T;}ecD =1

Since elements of the algebra L., (2) are C-valued functions, one can consider power series in L (£2);
in particular, we introduce the exponential function

=1
exp, f = Z I fi,
1=0

where f = e. Lemma 3.1 implies the following assertion.

Lemma 3.2. For any element f € IL&?(Q), the following formula holds:
|A|

(exp* f)n(Xn) = Z Hf|Fj|(X(Fj))-

On Lo (), we introduce the linear operators 9., = € , as follows:

(8ﬂcf)n(Xn) = fn—i—l(x, Xn)

The following assertion is proved by a direct calculation.
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Lemma 3.3. Fach operator 0, is a differentiation, i.e., for any pair of elements f and g from Lo (Q2),
the Leibnitz identity holds:

O:(f * g) = (0:F) x g+ f * (0:8).

Corollary 3.1. For any x € Q and any element f € IL&?(Q), we have
Oy exp, f = (0,f) * exp, f.

In the sequel, we assume that the set €2 is equipped with a measure structure on which a finite mea-
sure p is defined. Then, introducing for each n € N the product of measures du(x1)dp(x2) ... du(x,)
on Q" and considering only measurable and summable on Q" functions f,(X,) in each of the func-
tional spaces LL,,(€2), for each measurable bounded function ((x) on 2 we define the linear functional
on L, (2) by the rule

et = [ (TLCD) Ot dpGen). (31

Qn ]1

We consider the restriction of the variety Lo (2) containing elements f = < fn €L,(Q); ne N+> €
Loo(€2) with summable on " components f,,, n € N, such that the following series converges:

Z M"/|fn wldu(xy) ... dp(zy,) < oo, M > 0. (3.2)

We denote this restriction by the same symbol Lo (€2).
If a function ((x) is bounded by a constant M > 0, |((x)| < M, x € Q, then for such elements f the

following functional is defined:
o

fl¢;f] = Z fulGs ful-
n= 0
This functional is multiplicative; namely, the following theorem holds.

Theorem 3.1. If elements f() and f?) possess the property (3.2) with a function ((x) satisfying the
condition |((x)| < M, then their product fi x fa also possesses the property (3.2) and the following
formula holds:

FIG ) % ] = £ £ ] - £ FO].
Proof. By a direct calculation, we have

n

o [C5 F) 5 £ /HC:::J ( *f())n(Xn)du(xl)...du(xn)

Qn Jj=1

-3 (1) / i )2, (X (0 \ 1) du(a) .. dian)

=1

Il
o

D

<.

—Z< )flcfl facilC 1),

Substituting the expression obtained into f[¢; f(1) % f?)], we obtain

FIG ) £ Z Z()fmfl G £ = F1GFD] - LG ) O
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Corollary 3.2. The following formula is valid:
f[¢; exp, f] = exp f[C; f]. (3.3)
Corollary 3.3. The following differentiation formula is valid:
FC; Or exp, f] = f[C; Ouf] - exp FC; f].

4. Graphs and symmetric functions. Let w(z,y) be an arbitrary symmetric function Q?; we
call it the generating function. Fix n € N, n > 2, and assign to a pair (w € Lo(Q2),® = (I,,,¥)) the
function on 2" defined by the formula

h(Xn;8) = [ wiai ).
{ijtew
Fach such function is called the function on Q™ associated with the graph & by the generating func-
tion w.
Based on functions h,(-; ®) associated with graphs, one can construct symmetric functions, which

are elements of the space L, (£2). Fix a class H of graphs over I,,, which is invariant under permutations,
so that for P € P, and & € H we have P& = (I,,, P¥) € H. Introduce the function

Xn) = Z hn(Xm 6) (4'1)

GeH

on Q" which is obviously symmetric. Functions f,(X,) on Q" constructed by (4.1) are said to be
associated with the class H. As H, we take the class G, of all graphs over I,,.

Lemma 4.1. Let w(z,y) be a symmetric function on Q2. Then the function associated with the class
Gn by the generating function w(z,y) is equal to

fu(Xn) = Z H w(wi, ;) H (1 4+ w(wy, zj)). (4.2)

S=(I;¥)eG, {i,j}ET {i,j}Gjr(g)

Proof. We apply induction by n based on the formula

Z H w(x;, xj) = Z H w(wg, x7)

6=(In4+1;0)EGnt1 {i,j}eV 6=(In;¥)€Gn {1}V
+ Z Z Hw(azn+1,xj) H w(zg, xy)| ,
&=(I,;V)eG, I'Cl, jer {k,l}e¥

which provides the step of induction. Here the first sum corresponds to graphs in which the vertex
n + 1 is not connected with vertices of I,, and the second sum takes into account all graphs of the class
Gn41 in which the vertex n + 1 is connected with vertices of graphs of the class G, whose numbers
form the set I'. O

Note that the class G, os all graphs over [, is invariant under permutations P € P,,; therefore, for
any n € N, functions f, associated with G, are symmetric, i.e., belong to L, ().

In addition to functions f,(X,,) associated with the classes G,, n € N, n > 2, introduce the sequence
of functions f,(X,) with a generating function w(x,y), each of which is associated with the class G,
of all connected graphs over I,,, n > 2:

&=(I,;V)€Gn {279}6‘1’

Since for any n € N the class G, is invariant under permutations P € Py, the functions fn(X,) are
symmetric for any n > 2. Thus, the functions f,, and f,, belong to L, (Q2) for any n > 2. We prove
that the sequences of functions in L () satisfy the following theorem.
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Theorem 4.1. Let elements f = (f,; n € Ny) and f = (fu; n € Ny) of the algebra Lo (S2), whose
components for n > 2 are defined by the formulas (4.2) and (4.3), respectively, by the same generating
function w(z,y) € La() and, moreover, fo = 1, fo = 0, and fi = f1 = 1, then these elements are
related as follows:

f = exp, f.

Proof. We prove that the functions f,, satisfy the relation

x)= 3 I finxm).

Ae6, T'eA

We divide all graphs of the class G, into disjoint subclasses G,,(A), where A = {I'1,...,T's} € &,,. Con-
sider an arbitrary graph & = (I,,, ¥) from G,. This graph is uniquely decomposed into the connected
components &; = (I';, ¥;), j =1,...,s, so that

UT) =1 U =
j=1 j=1

and each of the graphs &; belongs to the class G|Fj|(Fj) of all connected graphs over the set of
vertices I';. In this case, we refer the graph & to the class G, (A), A = {T'1,..., T 4}. Clearly, the
classes G, (A1) and G,,(A3) are nonempty and disjoint if A; # Ay. Then the following representation
of the sum over all graphs of the class G, is valid:

lA|

Yoy |1 X

Begy, A6, j=1 QﬁjGQ‘Fj‘(Fj)

Moreover, for each term of the sum, we have the relation

|A|
H w(zp, 1) H H w(zg, 1),
{k,1}e¥ i=1 {k,1}eV;
due to the unconnectedness of the graphs &;, j = 1,...,|®|. Substituting the product on the right-
hand side into the sum defining f,,(X,), we have
= > 1 v
BEGn {kl}el
|A| A
=> I\ X I wewao|= > (1] frux@)) ). O
A6, j=1 \ 8;€Gr(Ty) {kI}EY, Aee, \j=1

Applying the formula (3.3), we obtain the following result.

Corollary 4.1. Assume that a set ) is equipped with a measure structure with a finite measure and
a bounded measurable function ¢ on . Then the functional f[(;-] on summable elements f € Lo (),

fe Lg%)(Q), constructed by a fixed generating function w, is defined by the formula
f¢, f] = exp fIC:f].

Note that this assertion remains valid in the case where the series defining this functional diverges.
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5. Symmetric functions and graphs of the class F,,. Assume that a group T of transformations
T acts on a set Q and Q = {Txz; T € T} for any = € Q, i.e., Q is invariant under transformations from
this group. In this section, we obtain the main result of this paper: the equation that relates values
of the functionals f[z;f] and f[z;g] with ((x) = z € C, where the functions g = (g,; n € Ny)
are associated with connected graphs without cut vertices and, together with the functions of the
sequence f, are generated by a symmetric function w(z,y), which is invariant under transformations
TeT.

Consider the subalgebra L, (£2) of elements h of the algebra L..(¢) whose components h,(X,),
n € N4, are invariant under transformations of the group T (i.e., T-invariant). In particular, for n = 1,
the linear variety IL; in this algebra coincides with C.

Moreover, we assume that all components of each sequence from L, (£2) are summable with the
T-invariant measure p in the following sense:

n—1
/ o (X)] T dis(es) < oo,
anl ]:1

and the total collection of these components possesses the following property: for elements h of the

maximal ideal LSS)(Q) =L Q)N Lg%)(ﬂ) of the algebra L, (), there exists a sufficiently small
neighborhood of the point z = 0 on the plane z € C in which the following power series converges:

00 zn_l n—1
| (Xn)| | | di(zj) < oc.
Z (TL B 1)!9/1 Jlj% g

n=1

We consider the functional
o n

Slz;h] = f[z;0,h] = Z 2' frlhnti]

n=0

on elements h = (h,(X,); n € Ny) € LS?)(Q); here the functionals f,[-], n € N, are defined by the
T-invariant measure p and the weight function ¢ = 1 according to (3.1),

fultoa] = [ Bna(X0) [[ (o) and folta] =

To prove the main assertion, we will need the following simple combinatorial fact.

Lemma 5.1. Let p(&1,...,&s) be an arbitrary function on N°. Then for n > s, the following formula
holds:
n!
> o(|Ai],- A = ) oy el ). (5.1)
(A1, As): (1yde): 421, 1S
Aj#D, AjCln, j=1,...,5; l1+-+ls=n

AjNAL=2, j#k; U Aj=In
j=1

Proof. We use induction in s. For s = 1, the sum in (5.1) consists of a single term and the formula

takes the form
n!
S el =37 el
Ai=1In, Li=n T’

The step of inductions is as follows:
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Z 90(|A1|7"'7|A8+1|)

(A1, Asa):
A;#0, AjCly, j=1,...s+1;
s+1
A]'ﬂAk:@, J#k; U A]:In
Jj=1

= > > o1 A1), [Aga])

@#As+1C1n (A1,...,As):
‘A5+1| 7 N—Ss A 75@ Aj CIn\As+17] 17 -85

A; ﬂAk g, jF#k; U AJ—ITL\A5+1
Jj=

Z <+> 2 el A1l 1Al ).

(A1,...,As):
A'?é@ A'Cln\As+17 J=1,...8;

Aj mAk o, j#k; U A]—In\A5+1
j=1

Using the induction hypothesis for the inner sum, we write

«— n (n = ls41)!
Z( > Z iyt Pl ben)

ls+1=1 l8+l (ll, ) > l 1,
I+ +ls_n lerl
n!
= Z | 'SO(llVH?lS?lS-i-l)' D
LY.l
(1, 0ls41): [>T
Lt tlsp1=n
Corollary 5.1. Let ¢(&1, . ..,53) be an arbitrary function on N°. Then for summing over decomposi-

tions A ={Ay,..., A} € Gl of the set I,, n > s, the following formula holds:

1 n!
Z el =0 2 " el 6

! l!
{A1,. A} (U1yels): 1215 s
Aj#D, AjCln, j=1,...,5; l1++ls=n
AjNAL=2, j#k; U Aj=In
=1

Proof. This assertion follows from the fact that each decomposition A = {A1,...,As} € GS) of the
set I, generates exactly s! ordered collections (A, ..., Ag). O

Consider the functions
Frrt(Xng1) = D MXny1:6), W(Xp38) = [ wlxj, ),
BGn {j.k}rev
where h(X,,11;®) on Q"*! are associated with graphs & = (I,,41, V) € G, by a T-invariant generating
function w(z, y) on Q2. Moreover, f = (f,11; n € N}) € LS?)(Q). Similarly, we introduce the functions
gni1(Xnp1) = D h(Xn138), neNy, (5.3)
SEF[In+1]

where F[I,11] is the class of graphs without cut vertices over I,,11, which form the element g =
(gn+1; n € Ny) of the algebra L (©2). Now we formulate the main result of this paper.

Theorem 5.1. The values S[z;f] and S[z;g] of the functional S[z;-] on the elements f and g satisfy
the following functional equation:

S[z;f] = exp (S [zS[z; f];g] - 1). (5.4)
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Proof.
1. Note that the classes g_nH[In; n + 1], n € N, can be represented as disjunct unions

G[Ln,n+ 1] :U In,n—i—l]

s=1
where the marked cut vertex n + 1 has degree s. Therefore, by Lemma 2.1, each of the functions
frnt1(Xny1) can be represented as the sum

Fot(Xng)) =D LX), FhKn) = YD h(Xn:9). (5.5)
s=1

GG I, ,n41]

Due to the symmetry of the classes G(*)[I,,,n + 1] under permutations P € P,, and the T-invariance of

w(z,y), the functions fé?l(XnH) are symmetric under such permutations P and T-invariant. More-
over, the following equality holds:
fo[ frs1] Zf n+1

2. By Lemma 2.2, if the vertex n + 1 has degree s > 1, then the class G®)[I,,; n+1] can be represented
as the disjunct union

GONLyn+1] = U GO An + 1],
AcsY

where the vertex n + 1 of the connected graphs from G [I,; A,n+ 1] over I, has degree s and the
numbers of vertices of the connected graphs &;, j = 1,...,s, that differ from the vertex n 4+ 1, form

)

functions fr([?l can be represented as the sums

fagjzl(Xn—H Z fn+1 Xnt15A4,n+ 1)
Aea)

a decomposition A € (‘5%5 with the number of components s, and n + 1 is not a cut vertex. Then the

where the functions fé?l (Xn+1; A,n+ 1) are defined by the formula
9 (X An 1) = S (X1 ®). (5.6)
6eG) [I;A,n+1]

They are symmetric under all P € P, that leave invariant the components of the decomposition A.
Moreover,

n+1 = Z f[n+1 n+1§Av”+1)]'
Aea)

3. By Lemma 2.3, for any decomposition A = {Aj,..., A} € GS), the class G&)[I,; A, n + 1],
n > s > 1, is equivalent to the Cartesian product

GO A +1] = R GW[Ayn +1]

=1

of the classes GV [A;; n+ 1] of connected graphs over the set 4;U{n+1},1=2,..., s, with the marked
vertex n + 1, which is not a cut vertex. Then we have the following representation of this sum:

Z h( n+17 H Z h(Xn-i-l; 6)

BeG)[I,;A,n+1] =1 6eG(M)[A;;n+1]
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Since for each graph & € G®)[I,,;; A, n + 1], where A = {A;;5 = 1,...,|A|}, the associated symmetric
function can be represented in the form

Xnt1;® Hh (AiU{n+1});8), &= \/esl, (5.7)

we obtain

fn[f( n+17 H Z fn [Hh(X(AlU{n+1});®l)
]

=1 6eGM[A;n+1 =1

:Hf‘A” Z h( (AIU{TL—I—l} Qﬁl Hf|Al|[f|Al|+1( (AlU{’I’L—I-l})):|.
=

BeGD[A;n+1]

We used the following fact: for the graph &;, V &;, with the sets of vertices A;, and A,, respectively,
glued from two graphs &;, and &;, at the vertex n + 1, we have

f|Al1\+\Alz| |:h (X(All UA,U{n+1}); &,V lez)]

— Z h(X(Al1 UA, U{n+1}); &,V 6512)

X (A, UA, el T4

= 2. h(X(Ale{nJrl}); %) > h(X(Al2u{n+1}); @,2>
X (4,)e0 "t X (Ar,)eQ! s
= fla [P(X (A U{n+13); 81) | fla (X (A U {n+13); &) ] (5:8)

4. Using the formulas (5.5), (5.6), (5.7), and (5.2), we obtain the following expression for the
functional f,, on the functions fy,+1(Xp41):

fu[fat1] = ful +Zf n+1 = n+l "‘Z Z [ n+1 (Xn+1;A4)]

5=2 pcal)

i+ X T (X4 U fn +1)

=2 geal i=1

! = .
[ +Z sl > zll.n..zs! [If {fl(jlll(Xlwm”“)}
j=1

1;>1, j=1,...,s:
ll++l5:n

~ 1 A
:ZS' 2 zll.n..zsl ,Hlflj [flglll(lev$n+1)]- (5.9)
ol

s=1 """ 1;>1, j=1,..s
li4+ls=n

5. Now we consider graphs of the class GV [I,,,n+1]. By Lemma 2.4, the class GV [I,,,n+1], n > 2,
can be represented as the disjunct union
GV L,n+1=|J | 9B
BcCIy:|B|>1 CCB

of classes of graphs such that the vertex n + 1 is not a cut vertex and for each graph, the set B
represents the numbers of vertices of the block containing the vertex n + 1 and C' is the set of cut
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vertices of the graph in this block. Then
= Y Y fen (Xt B;O),

BcCI,:|B|>1 CCB

Jn+1 (Xn—i-l;B;C) = Z h(Xnt1: ).
&eG[In;B;C]

Therefore, the value f, [ f, (v 1] of the functional f,[] is equal to

[fn+1] = Z Z fn+1(Xn+1§B§C)' (5.10)

BCI,:|B|>1 CCB

6. Since each class G[I,,; B; O] of graphs, n > 2, can be represented as the disjunct union of nonempty
classes
G[1,; B;C| = U GIn; B | {B(2),2 € C}]
{B(2);2€C}eD(B,0)
(see Lemmas 2.4 and 2.5), the functions f,,11(X,+1; B;C) can be represented as the following sums:

fn+1(Xn+1§B§O) = Z fn+1(Xn+1§B | {B(z),zEC’}),
{B(2);2€C}€D(B,C)
fas1(Xns1:B | {B(2),2 € C}) = > W Xnt1; ).

6€G[1n; BI{B(2),2€C}]
Since the functional f,[-] is linear, we have
fo [fus1 (X113 B; O)] = 3 fo St (Xni1s B | {B(2), € C})]. (5.11)
(B(2); 2€C}€D(B,C)

7. Finally, we recall (see Lemma 2.6) that each class G[I,,; B | {B(z),z € C}], n > 2, is equivalent
to the Cartesian product

G[In; B | {B(2),2 € C}| = F[B;n +1 (@g >

zeC

where F,[B;n + 1] is the class of graphs without cut vertices over the set of vertices B U {n + 1},
G[B(2);z], z € Cis a collection of nonempty classes such that G,[B(z); z| contains all connected graphs
with the set of vertices B(z) U {z} and a marked vertex z € C. Then

fu fur (Xas1: B | {B(2), 2 € C})]

= X (H > ) ]) fup(Xni1s V{85V EE})]. (512)

GpeFn[Bin+1] \2€C &(2)eG,[B( zeC

Since

B(Xii V{85V 6(2)}) = h(X(B):65) [] M(X(B()); 6(2))
zeC zeC
(cf. (5.7)) and (5.8) is multiplicative, we obtain the following expression:

o (Xni1s \ {88V &)} )| = i (X (B); &5)] T] ey (X (B(2)); 8(2))].
zeC

zeC
Then, using (5.12), we have

fr [fn+1(Xn+1;B | {B(z2),z € C})] =figlg1] - 1] fisenfise)sl: (5.13)
zeC
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where we have used the functions gn41(X,+1) introduced in (5.3) and the functions
I (Xpn) = Y, MXpg1:6(2), z€C.
6(2)€G:(B(2)s2]

If C = @ and & = &, then the left-hand side of the formula (5.12) is equal to f, [ fo1(Xnt1)]-
8. From the formulas (5.10), (5.11), and (5.13) we obtain:

LK) = Y Y fen(Xas BiO)

BCI,:|B|>1 CCB

=Y Y Y afhaEusBl{Be)z0))

BCI,:|B|>1 CCB {B(2);z€C}e®(B,C)

= > > > falgl - T fisenfise)s]

BCIn:|B|>1 CCB {B(z);2eC}eD(B,C) zeC
" n
=> <m> > > mlgme1l - ] fisen [fipe)
m=1 CCIm {B(2);2€CYeD(Im,C ) zel
n m !
n m r
= <m> > <z> > fnlgme1] - [ [ fiep)i syl
m=1 =1 {B(2);j€,}€D (I, 1}) J=1
n m !
n m (n —m)! F
m=1 =1 (k1,....kp): Jj=1

k’1+---+kl:n—m
kj217 ]Zlvvl
here fy [ﬁB(z)|+1] =1 for B(z) =
9. Since the power series used below converge, due to (5.9) we obtain

_ I 5 _
S[xf] = Z fo[fos1] =1+ Z Z DY " "l CTI6 [f,glll(xlj,xnﬂ)]
st 0

n= 0 s=1 1j>1, j=1,...,s:
I+ +l =n
0

:1+i31| Z Z Hll [fl +1 Xla’$”+1)]

s=1 s=n [;>1, j=1,...,s: j=1
l1+ Hls=n
s

00 0o [ < _n
=1+ Z 81! H Z Z: fi, {fl(]l—i)—l (Xlwxn-i-l)} = &xp [ Z :l! fn [fr(zizl(Xn-i-l)]] .
s—1 j=1 1;=1 —

Now we transform the sum in the exponent after substituting the value (5.14) of the functional
(1
fn [féJZl(XnH)}i

2" (1 2" < nl " /'m
DMEATETETR B b SRTATAND o] (YD SRD | BT Y
n—1 n=1 m=1 =1 (k1. 7k’l>

ki+-tkp=
k;>1, j:l, ,l

= el ()Y ¥ H L]

n=m <k17 7kl>
ki+-+kj=n—m,
k;>1, j:l,...,l
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[c oI, m ! kj
z m 2R
=) oy fmlgme1] > ( l> > 11 1y fs L]
m=1 I=1 k1, k) =17
k;>1, j=1,...,1
[e%e) m m l o k;
z m M _
= ol fnlgmr1] D ( l> 11 > 1y frs L]
m=1 =1 j=1 k;=1 "
o0 m S k _ m > m m
= z:l ;Zn' fm[gm—i-l] (; Z' fr [fk—l—l]) = Z:l :nlfm[gm—i-l](S [Z, f})
m= =0 m=
Then
S[z;ﬂ = exp (S[zS[z,ﬂ, g] - 1)
The theorem is proved. U

6. Conclusion. In conclusion, we indicate some applications of the algebraic technique described
in this paper. In equilibrium statistical mechanics of classical systems (see [10]), for expanding the
equation of state P(z,T) into a power series in the so-called activity z, the quantity In Z arises, where
= is the partition function of the system defined by the formula

o0 Zn n
:Z%n! /exp — Z Ulxj —x)/T Hdazk:f[z;f],
n= On k=1

{]7k}cln

[1]

where dz is the Lebesgue measure in R?, which is invariant under the translation group, and U(z) is
the coupling potential at the point z € R3. The components of the sequence f of symmetric functions
are generated by the function w(z,y) = exp(—U(x —y)/T'). The expression for P(z,T') is given by the
formula (2.2) in which the coefficients of the so-called group decomposition are defined by the functions
of the sequence f. In these terms, the density p of the number of particles for systems considered is
defined by the formula

(e}

Zn—i—l B n -
P=> ol /fn+1(Xn+1) I dze = S[=: 1.
n=0 On k=1

Then the formula (5.4) becomes the equation p = exp (S [zp; g] — 1) for p whose coefficients (called
the irreducible integrals) are defined by the components of the sequence g.

Finally, we indicate a simple application of the formula (5.4) in the problem of enumerating graphs
without cut vertices (see [12]).

Theorem 6.1. Assume that in the sequences (Ny; n € N) and (M,; n € N), the components Ny,
are the numbers of connected graphs with n € N vertices (where Ny = 1) and M, are the numbers of
connected graphs without cut vertices with m € N vertices (M1 = 1). Then the numbers My4+1, Np,

m=1,....n+1, and M,,, m = 1,...,n, satisfy the following recurrence formula:
" ol RV "N,
1 li+1
Noppr=n!>_ > > > e (6.1)
s! m! ;!
s=1 (k1,osks), kjeN: j=1 | m=1 (I4,odm), LEN,: i=1
k1+4-+ks=n i+ Hlm=kj—m

Proof. Tt suffices to set f,,[gmr1] = Myt and f,[fri1] = Nug1 in the formulas (5.9) and (5.14). O

Corollary 6.1 (see [9]). The generating functions

[o¢] zn o0 zn
F(z) = Z nl Npt1, G(z) = Z ! My (6.2)
n=0 n=0
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are related by the following functional equation:

F(z) = exp [G(ZF(Z)) - 1} . (6.3)

Proof. Corollary 6.1 follows from (5.4) if we set f[gms1] = Mys1 and f,[for1] = Nog1- O

Remark 6.1. The series (6.2) diverge at each nonzero point of the z-plane, i.e., they must be treated

as

asymptotic power series. Despite the divergence, they can be used for sequential calculating the

numbers M,,, m € N, based on the generating function F(z) of the numbers N, and using the
derivatives of order n = 1,...,m (this possibility is justified in [12]). For example,

F(0;1) =1, F'(0;1) =1, F"(0;1) = N3 =4, F"(0;1) = Ny =38, FIV(0;1) = N5 = 728,

and we obtain the following values:
G(0,1) =1, G'(0,1) = My =1, G"(0;1) = Mz =1, G"(0;1) = My = 10, G'V(0;1) = M5 = 238.

10.
11.
12.
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