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Abstract

A huge number of physical, geometric, and probabilistic problems lead to the con-
struction and study of parabolic partial differential equations. The emergence of new
problems of information propagation and processes with memory leads to the need to
consider parabolic type equations with various operators acting on spatial variables.
In this article, mean value theorems for the singular parabolic equation were obtained.
The singularity is due to the presence of the Laplace—Bessel operator.
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1 Introduction

Despite the large number of papers related to singular differential equations, some
issues remain unexplored. The generalized divergence theorem and the second Green’s
formula for the Laplace—Bessel operator, published in [1], made possible to obtain
significant progress in questions of existence and uniqueness theorems for solutions
of singular differential equations, as well as mean value theorems. This article devoted
to study of singular parabolic equation. Parabolic equations appeared in the study of
the phenomena of heat propagation and diffusion by means of mathematics. The
simplest but most important representative of parabolic equations is the heat equation
Uy = a’Au.

Book [2] presents a modern qualitative theory of partial differential equa-
tions, including parabolic equations second order. In [3], the Cauchy problem for
one-dimensional parabolic equations involving Bessel operator was considered. Sta-
bilization of solutions of certain singular quasilinear parabolic equation was obtained
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in [4]. In [5-7], the Cauchy problem for differential-difference equations of parabolic
type was studied.

2 Definitions

Let R” be n-dimensional Euclidean space, x € R”. In the theory of weighted harmonic
analysis, we use the weight measure of the form x¥dx, where x = (xy,..., xp),
Y =Wheeu VsVt > 0, yn > 0, x7 = x{/‘ - ... x)" . If at least one of the
variables x; in the weight xV is negative, then raising it to a real power gives a multi-
valued mapping, which is not convenient for work. On the other hand, by their nature,
the functions that appear when working with the Bessel operator are usually even.

Therefore, we will consider the orthant

R} ={x € R", x1>0,...,x,>0},
and

R% ={x eR", x>0,...,x,>0}.

On negative semiaxes, all functions will be continued in an even way.

Spaces Lg(Ri) = L{,, 1<p<oo are spaces of measurable functions, even with
respect to each variable x;, i = 1, ..., n, such that their pth power is integrable with
weight x” by R . The L?—norm of f is given by

1/p
1Ly :( /If(x)lpxydx> _
Ry

In [8], it was shown that L}/, is a Banach space.

In weighed harmonic analysis, the Hankel transform, or Fourier—Bessel transform,
expresses a given function f(x), x € R’ as a weighted integral of a product of the
normalized Bessel functions of the first type

F,[f16) =F, [f@0)I¢) = f¢) = / F) 3y (s §)xV du.
Rn

+

In this formula

n
@& = [T i), =0,y >0,
i=1
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the symbol j, is used for the normalized Bessel function of the first kind

2T 1
Jv (x):# Jy(x), where J,, is Bessel function of the first kind [9]. All nor-
x

malized Bessel functions jy, (x;&;) in the product ]_[ j e 1 (x;&;) differ by an indices
i=1

V’_l . The Hankel transform is defined on functions from Ly (R%).
The inversion formula is

- n—|y| -
F;l[f(é)](X) = fx) = ﬁ /jy(x,é)f(é)éy ds.
11255

Similar to the Fourier transform, the Hankel transform reduces the Laplace-Bessel
operator to multiplication by the minus square of module of variables (see [8] for the
one-dimensional case)

A, F1E) =— 1 &P f©), (1)
where

n
Ay = (By)x ©)
is the Laplace—Bessel operator

2 oy 9
By)y = —5 + ——
(B, ax,f X Xk

is the Bessel operatorand k = 1, ..., n
On the space of functions summable with a weight x” on R, consider the
generalized translation operator

CTY ) = "Tyf(x) = (TR T ) (x), A3)

where each of one-dimensional generalized translation Vi Tx)l."' acts for i=1,...,n
according to

(T )= s
PO~ )

2 2 .1
x/‘f(xl,...,xi,l,\/xi + 77— 2X; i COS Qj, Xif1, ... Xp) SINV'T7 @ dp;.
0
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Next, we will use notation

The generalized convolution constructed by (3) is

(f*8)y @) =(f*xg)y = / FMTig)(x)y” dy. “
Ri‘l

+

The modified Bessel function of the first kind 1, (x) of a non-integer order « is
defined as the sum of the series (see [9])

oo

1 X\ 2m+a
I =i %] (ix) = _ (—) . 5
w(X) =i Jo(ix) mE_Om!F(I’I’l-i-Ol-i-l) 5 (&)
For integer values of «, the function (5) is defined by taking the limit in the expression

presented above. Let
n

iy (6, 6) = [ Jino (), (6)
i=1

where i, (x) = w I, (x) is normalized modified Bessel function of the first kind.

3 Maximum and minimum principle for the singular parabolic
equation

In this section, we consider a maximum and minimum principle for a solution to the
singular parabolic equation of the form

w=a*Ayu,  u=ux,1). (7

Classical results concerning to the topics of maximum and minimum principle for the
heat equation u, = a? Au can be found in [2].

Lett € [0, T], x € Q1, where Q% is a bounded simply connected domain in R” ,
ST = 9Q+. We deal with a cylinder C}“ in the space R'_’f] ={(x,0):x eR", >0}
of the form

Ci={x,0:xeQ"0<t<T}
Its closure is
Cf={(x,n:xeQ¥,0<1<T})

W Birkhauser
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The part of the boundary of the cylinder C}r , consisting of its lower base where t = 0
and surface, will be denoted by I'".

Theorem 1 The function u = u(x, t) that satisfies Eq. (7) in the cylinder C'T" and is
continuous up to its boundary takes the maximal and minimal values on T'T.

Proof Since the theorem for minimum reduces to the theorem for maximum by
reversing the sign of u = u(x, t), we prove only the maximum theorem.

Denote by the maximum value of the function # = u(x, t) in the cylinder C }r by M
and the maximum value of the function u = u(x, t) on I'" by m. We have M > m and
we should prove that M = m. Assume the opposite. Suppose that there is a solution
u = u(x,t) of (7) for which M > m. Let this function takes the value M at the point
(x9, 79) where x° € Q1,0 < 1y < T. Consider the function

v(x, 1) = u(x, 1) +a> 02

9

—m
YR | x —x
2(n+ |y Dd
where d is the diameter of the region Q1. On 't we have | x —x° |< d, v(x, 1) < M
and v(x%, 79) = M. Therefore, v(x, t) does not attain its maximum on I't. Let v(x, ¢)

has a maximum at (x*, #,,), x* € Q%1, 0 < , < T. That means

v 9%v
— =0, — =<0
0Xx; 8x.2

foralli = 1,...,n and ‘;—f =0for0 <t < T and ‘;—f > ( for t, = T, therefore at
(x*, t,) should be

vy — aszv > 0.

From the other side

v — aszv =u; — aszu —a

Therefore, we obtain a contradiction. That means that M = m. O
Let functions ¢(x) and v (x, t) are continuous in Qtand C_;f, respectively, and the
values of ¥ (x, t) coincide with the values of ¢(x) at the S+ for f = 0. From Theorem

1, it immediately follows that the solution to the problem

u; = a’(Ay)eu,

M('x’o) =(p(.x),

! ‘ q
§—Q|xi=o=0, i=1,...,n, (3
ulgr=y(x,1), xe8t

is unique.
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4 Fundamental solution for the multidimensional singular heat
equation

In this section, we will find the fundamental solution of a linear differential operator.
The construction of this solution is an important task, since all other solutions can be
constructed from it.

Let ¢(x) is a continuous and bounded function in QF. We consider the problem for
the multidimensional singular heat equation

©))

{uz =a’(Ay)yu,
u(x,0) = p(x),

where | u(x, t) |< oo.
Applying multidimensional Hankel transform F), by x € R’} to (9), we obtainby (1)

{ﬁ, +a%&% = 0, (10)

u(,0)=9¢e).
Multiplying the first equality of (10) by P , We can write

e"zlglztﬁ, + azéze“zmztﬁ =0= %(e“zlglztﬁ) =0.
That means that
EEE, 0 = f©),
where f (&) is an arbitrary function and

W) = CEP p).

Using the second equality of (10), we get

uE 0 =96 = &) =9©®.

Therefore, we can write the multidimensional Hankel transform F,, of u(x, t) in the
form of generalized convolution

(e, 1) = e EPGE) = (F) (F, Defe )00 % 0(x)),.

Using formula (17), we get

u(x, 1) = (Sy () *p()), (x) =

1 _x?
= ~ /<p(y) <VT)yce 4a2f> y¥ dy,
n+ .
20ylgntyls 4 T (ngy\) o (VJTH) B

s
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where

x|
4a2t

S, (x.1) = (F; e (e ) x) = Cny, )

"HVI ’

1

Cln.y,a) = .
2ylgn+yl ST <"+|V|> [T (VJ“)

This representation is the generalized Poisson formula. Denote

x|

G}/(-x )’J) _C(n %a) }/Tie 4a2t

n+|}/\
2

Then

I’t(xv t) = /G)/(xv ya f)(ﬂ()’)yydy
R}

The function Gy, (x, y, t) is called the fundamental solution of the multidimensional
singular heat equation.

5 Mean value theorems for the singular heat equation

In the theory of boundary value problems for elliptic, parabolic, and hyperbolic equa-
tions, mean value theorems play an important role in questions of uniqueness and
qualitative study of the solutions’ behavior. An approach related to accompanying
distributions, which allows, from a general point of view, to consider mean value
formulas for solutions of linear partial differential equations was proposed in [10].
Mean value theorems for weighted spherical means connected with singular hyper-
bolic and ultrahyperbolic equations were given in [11, 12]. Here, we consider mean
value theorems connected with singular parabolic equation.

It is known that with the help of the Laplace—Bessel operator, integration over
volume can be replaced by integration over the surface. The second Green’s formula
for the Laplace—Bessel operator of the form (2) was given in [1] in the form

d d
/(vAyu—uAyv)dexzf(va—lf—ualj> xV ds, (11)
Gt St

where u, v € C2(G™), such that g—)’:i lx;=0= 0, ax lx;=0= 0, fori =1,...,n, the

domain GT € R” and ST = 3G, " = e| cos | + - - - + €, cos 7, is an outer surface
normal vector for S*. If u, v are B-harmonic: Ajyu =0, A,v =0on G7, then (11)
reduces to

) Birkhauser
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9 9
/<v—'f—u f) X7 dS = 0. (12)
9 9

S+
If, additionally, v = 1, then (12) can be written in the form

9
/—lfxdezo.
9
S+

We are interesting in the obtaining analogy of this property for the singular parabolic
operator.

Let D, = %, L, is the singular parabolic operator

Ly = (Ay)x — Dy,
and L} is its adjoint
L)*/ =(A))x + Dy.
We can write
uLjv —vLyu =ulyv —vAyu+ @) = ((V,)y - @(Vy))xv = v(V))yu)) + (o),

where (see [1])

) 19 19 - L 0 ) 0
=—=—, ..., ——, = —, . xr—).
yox xi/l 9x1 X" dxy v U dx " dx,

The domain Gt C Ri is called Green-suitable if G is a union of domains
GT, e, G;’n' without common interior points. Each domain Gt c R'j_ be such that
each line perpendicular to the plane x; = 0,7 = 1, ..., n, either does not intersect
G or has only one common segment with G}' (possibly degenerating into a point)
of the form

ol (@) <x; < B/, XM= Xion XX, i=1,000n,

where «;, B; are smooth fori=1, ..., n.

Theorem 2 Let DJFCR'_f_+1 be Green-suitable domain. A function u=u(x, t), such that
ueC?(Dh), Uy, lyy=0=0,1 =1, ..,n, be a solution of the equation

(Ay)yu—u; =0
if and only if the equality
d
/ (—87”,+uun+1> X7 dS=0 (13)
aD+

W Birkhauser
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holds. In (13) ° = (°/, v,11) is the exterior unit normal to 3D, " = (v1, ..., v,) is

vector consisting of the first n components of °, E?T”/ = {m v+ ...+ ax Vp.

Proof Let first u = u(x,t) € C>(D7F), uy, |x,=0= 0,i = 1,..,n, be a solution of
L,u = 0. We take a vector

Q= (uV;,’v — UV)/,/M, uv)

and a vector operator H, = ((VJ’/) x> Dy). Let

( v ou v ou )
h=(u——-v—,...,u —v—,uv ).

x| x| o 0xy 0xn

Then, the scalar product (H, - Q) is

Hy - Q) = (V,, - (uVyv — vVyu)) + (uv),

- dv 1 0 - du
_ viZ”oy_ - 7 i
Z( 7 o ( - X; ax,-) 7 o, <v X; 8x,~>)+(uv)t
1 0 0 1 9 , 0
=3 (e e a2t
X/ 8xi 0x; X/ 0x; 0x;

1 ov , du 1 0 , 0u + )
—— T X, — — UV —r— x uv
xaxp T X ox T dx '

_Z iav_v 1 0 ,, du + )
X ox; P X ox; ti a !
= Z (uByl.v — vByl.u) + (uv); = vAy u —uly,v + (uv);.
i=1

Then, combine formula (11) from [1] of the form

/(V’ F)x¥dx = /(g ) x¥ dS,

G+

where G+CR:‘_ is Green-suitable domain. Here, F is a vector-function
F=(Fi(x),...,F,(x)), Fix)=x"gi(x), ... F®=x"g,x), g =

) Birkhauser
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(g1(x), ..., gn(x)) is a vector-function continuously differentiable in G and the
classical divergence theorem. We obtain

/(HV -F) xVdxdr = /(uL;‘,v —vLyu)x¥dxdt

D+ D+
= /(uA,,v —vA,u+ (uv);) x”dxdr
Dt
av ou
= / (MF —va +uvvn+1> x? ds,
D+t
where V = (°/, v,41) is the exterior unit normal to 0DT, T) = (vq, ..., V) 18 vector
coriisting of the first n components of °, ‘f?”, = 6x1 Vit t o 3 vn IfLyu=Ljv=0
in DY, then we get
ov du
/ (“F_UF‘FW’WH) xVdS =0. (14)

aD+

If v = 1, this equality reduces to (13).
Sufficiency is proved by reproducing the proof of necessity in reverse order. The
theorem has been proven. O

Now, let consider

[x[?
1 rx® T 220
0 _ ) ——57 7T e o=, t >0,
ky(-x 9-x1t07t) - (tO_t)nzly‘ *
0, r<0,
where (see (18))
Jx)? _ 2402 %0
VT; e T 4d2(g-n — — ¢ 4d%tp-n iy X .
2a-(tg — t)

In particular, forn = 1

x2
VT;CUe 4a2r =

1 2 2 VTA x2+xé
5 (” + a“(ty — 1) ¢ Wi [, )
2 XX0 7 \2a2%(19 — 1)

For a fixed point x%, 1) € R’j_‘“ and for small enough r > 0, we define the
so-called generalized parabolic sphere

r, & 1,0 = !(x, N eR ky, (x0 x,10,1) = r—(n+|y|)}

W Birkhauser
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and generalized parabolic ball
Q, (", 10, 7) = {(x, 1) € R 1y 20, x, 19, 1) < =YD

with “center” at (x, 7o) and radius r. It is easy to see that when » — 0 the generalized
parabolic balls €2, (x9, 19, r) shrink to the center (x9, 7).

Theorem3 Letu = u(x,t) € C2(D¥) uy; |y,—0=0, i = 1, .., n, be a solution to the
equation

(Ay)yu —u; = 0

in a Green-suitable domain DT C R’ﬁl. Then, for x 1) € DT and for almost
every sufficiently small r, the next formula is valid

ak, (x9, x, 19, t
u(x®, 1) = — / u%ﬂds. (15)

Fy(xo,to,r)

dS is the n-dimensional measure on surface T, (x%, 10, 7), = (°’, vuy1) is the exte-

rior unit normal to T'), (xo, to,r), ' = (v1, ..., vp) is vector consisting of the first n
o 0k, (xY.x,10,0) ok, (x9,x,10,1) Ak, (x0,x,10.1)
components of °, == =L Fra v+ ...+ VTU"'

Proof Assume that r is fixed and define for each t € (19 — r2, fo) the next sets

Q0 10,7) = {(x.1) € Q% 10, 7) 1 1 <5},
T30 10, 1) ={(x,1) € Q,(x% 10,r) 1 1 =5},

5% t0.7) = {(x.1) € Ty (2% 10, 7) : £ < 5},

Letu suchthat (Ay) u—u, = 0. Applying (14) to functionsu andv =k, %, x, 19, 1),
we obtain

dky (x0, x, 10, 1)
MT_

F;(xo,to,r)UT}f(xo,to,r)
k (x° Mk, (0 Yds =0
- }/('x a-xat()’t)F-i_u }/(-x a-xat07t)vn+l X — Y.

OnT3, (x%, to, r) function k, (x°, x, 19, 1) = r=*+1¥D_ Also, on F)S,(xo, to, ), we have
°’ = 0and v,4| = 1, therefore

) Birkhauser
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/ dky (x9, x, 19, 1)
oyt 000

5 xVdS +

5 (x0,10,r)

9
) / ( u+uvn+1>deS

BER
s (40
I35,(x%,10,r)

+ / uky(xo,x,to,t)xy ds =0.

T3 (:0.10.)

Passing to the limit in the last term, we get

lim / uky, (x°, x, 19, 1) x7 dS = u(x°, 19).

s—1t9—0
T35 (x9,10,7)

Therefore, taking into account (13), we obtain (15). O

Data Availability Not applicable.
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6 Appendix
In this section, we give some formulas and calculations used in the article.

Proposition 1 [13] Integral [ j,(r60,§)07 dS is calculated by the formula
St

o (vt
Inr T)
/ jy(x,re)ey dS:zl_l—n-Hylj%M_l(le |), (16)
n=Ir
i) ( 2 )
where
Sty ={x eR"% :|x|=1JU{x eR"% :x; =0,|x | <r,i=1,...,n}

is the part of the unit sphere belonging to R’}

W Birkhauser
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Proposition 2 The next formula is valid

4 2
FV)ele P (x) = 2 S

am vl T (”+2|V|) ﬁ r (_Vf;’l)

Proof We have

n—|y|
(B Defe™ 51 x) = Z—yl / jy(x, E)e P EY qg = (£ = r6) =
I 12 (%57 )5

Jj=1

on—lyl

o0

n—/efazrzlr"ﬂylfldr / Jy (x,r0)67ds.
yi+1

I (%) o s

j=1
Using formula (16), we obtain

(F, Dele €01} (x)

o
21=lvl 22 _
= fe C ury (| x DrtY =gy
2

e @]

n+lyl

2,2
— t —_—
I /e a“r Jn+2m_l(r | x Dr—2 dr

an-H}/lt%MF ("+2|V|) ﬁ r (Vj;'l>
1

Proposition 3 The next formula is valid

y b Py y
yTxe 4a21 = e 4a21t ly (.x, _2 2[‘) N (18)
a

where 1, is defined by (6).
Proof We have

T e v
YTie 4t = 1_[ VTXke 4a2:7k
k=1

) Birkhauser
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Using the formula 3.154 from [13], we obtain

ke wn =
W C () Xkt Yk
Yk — L2 Y
=7 / ze” 1" (27 = (o — D)o + 30> = 217 Nz
uyor=t J
Xk—Yk

Find the integral

Xk+ Yk
_1 2 v
= / ze W (2% — (= NG+ 30)* —2))? Mz =P =¢) =
|k — Yk
(k+yi)?
1 -4 2 2 %
=5 e 4 [(& — O — Yy )((k +y0)” — )12 7 d¢
(X —yi)?
={{—(x—w)P =w}=
Axp Vi
1
=—e 4 / e a2 " w(4xpyr — w)] *dw.
0

Applying formula 2.3.6.2 from [14] of the form

a

a—1/2
/x“_l(a —x)* e dx = /T (@) <£> e P21,y pp(ap/2),
J p
Rea > 0, (19)

we get

dxg vk

_ 1
¢ % w(dxeye — w)] T dw =

0
_ kK -1 X

= @ay T () e x0T Ty (55

2 5= 242t
and
273 vk—1 Vk —M 75l Xk Vk
I1=2 a JaT (—) e 4t (txxyk) 2 Iy (—2>

2 7 \2a°t

n S W
Then, substituting the resulting formula into the product [] ¥ Tife 22k after
k=1
simplification, we get (18). O

W Birkhauser
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7 Conclusion

Parabolic equations are the main sources of diffusion problems and the theory of
stochastic processes. If diffusion is slowed down or accelerated, or if the process
has memory, then instead of the Laplace operator, other operators appear in the heat
equation. The main attention in the article was given to a detailed study of the properties
of a parabolic equation with a Bessel operator acting on all spatial variables. Maximum
and minimum principle for the singular parabolic equation as well as the uniqueness
of its solution were given. Using the form of fundamental solution of the singular
parabolic equation, mean value theorems were obtained.
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