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The form factor of a hollow electron beam for transition radiation has been calculated. It has been shown that
the characteristics of coherent radiation are significantly different for conventional solid and hollow beams.
Numerical estimates have been obtained for terahertz radiation frequencies and relativistic energies of
electrons.
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1. INTRODUCTION
Hollow electron beams, i.e., beams with a ring

cross section, are currently under intensive study. In
particular, the authors of [1–3] proposed to use hol-
low electron beams to collimate intense main proton
or ion beams at the CERN Large Hadron Collider.
Electron beams are introduced in the collimation sys-
tem in order to clean the halo, whereas the main beam
circulates inside a hollow electron beam. The hollow
electron beam resonantly excites the tails of the main
beam, whereas the core of the main beam remains
unperturbed. Such devices are called hollow electron
lenses. The cleaning of the halo is relevant because of
the performed works to increase the total f luence at
the Large Hadron Collider by an order of magnitude.

The use of hollow electron lenses necessarily
requires the diagnostics of the transverse dimensions
of the main and hollow electron beams. One of the
actively developed ideas is to use the f luorescence of
gas [4]. An advantage of this method is that measure-
ments hardly distort the properties of a beam. Since
the method is novel, optical transition radiation is
used for its cross test. Optical transition monitors are
successfully used to measure the transverse profile of
electron beams at accelerators [5–7].

The acceleration of charged particles also is a
promising field where hollow beams of charged parti-
cles are used. Positrons can be accelerated to high
energies in wakefields generated by hollow electron
beams moving in a plasma. This possibility was con-
firmed by the computer simulation of the generation
of wakefields and the dynamics of hollow electron
beams [8–10].

It is also important to study the dynamics of hollow
beams and the characteristics of radiation that is gen-

erated by them for the actively developed physics of
particles with a nonzero orbital angular momentum
(twisted electrons) [11, 12] because the distribution
functions describing twisted electrons or electron
beams are similar in the classical approach to the elec-
tron distribution function in the hollow beam.

Only the single-electron approach is used in most
studies of hollow beams. The difference of the mul-
tielectron approach from the single-electron one is
briefly in the inclusion of the form factor of the beam,
which depends on the shape, density, and dimensions
of the beam and on the electron distribution function
in the beam . In [13, 14], we show that the form
factor depends on the type of radiation. In this work,
we calculate the form factor of the hollow beam for
transition radiation; see Fig. 1.

2. CONVENTIONAL APPROACH
The form factor is long known for synchrotron and

some other types of radiation but mainly in the case of
the Gaussian or uniform electron distribution in a
beam [15–17]. It is noteworthy that known form fac-
tors are often used incorrectly; moreover, the notion of
form factor is sometimes inapplicable; for details, see
[14, 18].

The intensity of most types of radiation can be rep-
resented in the form

(1)

where  is the intensity of radiation from a single elec-
tron and F is the form factor of the beam. The intensity
can be defined as, e.g., the angular and frequency dis-
tribution of the emitted energy [13] or radiation power
[19]. In the case of a large number of electrons in a
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Fig. 1. (Color online) Hollow electron beam shown in rose
intersects the target given in green and generates transition
radiation.

Fig. 2. (Color online) Electron marked in red excites
(a) Cherenkov radiation moving in the medium and
(b) transition radiation crossing the interface between two
media indicated by the vertical line; reff is the effective
relaxation radius of the electron field shown in blue.
beam , the form factor can be expressed by the
formula

(2)

Here,  and  are the coherent and incoherent
form factors, respectively. A particular form of 
and  depends on the type of radiation.

We consider polarization radiation generated by a
charged particle interacting with an infinite amor-
phous medium, i.e., a medium where the distance
from its edges to an electron perpendicular to its tra-
jectory is much larger than the effective radius of
relaxation of the field of the moving electron

. Here, γ is the Lorentz factor of the elec-
tron, λ is the radiation wavelength, and ,
where  is the velocity of the electron and c is the speed
of light in vacuum. In other words, the medium can be
treated as infinite if the electron is “insensitive” to the
edges of the medium (see Fig. 2). This treatment is
applicable to transition radiation, Cherenkov radia-
tion, and parametric X-ray radiation. The source of
these types of radiation is the material of a target,
which is dynamically polarized under the action of the
field of the moving relativistic electron. In this case,
the velocity of the electron can be considered constant
when the kinetic energy of the electron is much larger
than the energy transferred to radiation.

The incoherent form factor for such types of radia-
tion is  (see, e.g., [20]) because all electrons
make the same contribution to the polarization of the
medium; i.e., the transverse position of an electron
does not affect the characteristics of radiation [14].
The coherent form factor for transition radiation is
calculated by the formula [13, 14]

(3)
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where f(r) is the normalized electron distribution
function in the beam, r is the position vector of the
electron with respect to the center of the beam,

 is the frequency of radiation, and k = (kx,
ky, kz) is the wave vector of radiation. Formula (3) is
obtained under the assumption that all electrons move
at a constant velocity v along the  axis; i.e., the
angular divergence of the beam, as well as the energy
spread in it, is disregarded. Formula (3) can be
obtained by calculating the radiation intensity of radi-
ation for all electrons in terms of the corresponding
field and by averaging the result over the positions of
all electrons.

3. HOLLOW BEAM

We consider the beam with the Gaussian distribu-
tion of electrons in the longitudinal direction parallel
to the velocity; the beam is hollow in the transverse
direction. Let the longitudinal and transverse compo-
nents of the position vector of the electron be indepen-
dent. Then, neglecting correlations in the beam and
assuming that the positions of electrons are indepen-
dent of the positions of their neighbors, we can repre-
sent the distribution function  in the form

(4)

where  and  are the longitudinal and
transverse distribution functions, respectively. The
longitudinal profile of the beam determines the explicit
form of the corresponding multiplier in the form factor
and can be arbitrary.

The distribution functions for the beam under con-
sideration can be written in cylindrical coordinates in
the form

(5)

where  is the characteristic longitudinal dimension
of the beam;

(6)
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Fig. 3. (Color online) Transverse profile of the hollow
beam with (a) r0 = 150 μm and σtr = 75 μm (μ = 2) and
(b) r0 = 200 μm and σtr = 20 μm (μ = 0).

(a) (b)

where R and ϕ are the cylindrical coordinates intro-
duced through the relations  and

,  is the radius of the hollow beam,  is
the thickness of the beam ring, and A is the normaliza-
tion coefficient given by the expression

(7)

Here,  and erf(μ) is the error function spec-
ified by the formula

(8)

In this work, we ignore the rotation of electrons inside
the beam and the orbital angular momentum of elec-
trons. It is important to take into account the orbital
angular momentum of electrons, e.g., when consider-
ing quantum packets with a nonzero orbital angular
momentum. The inclusion of these effects not only
changes the description of the structure of the beam
but also requires the recalculation of the intensity of
transition radiation from one electron (see, e.g., [11]).
Figure 3 shows two transverse distribution functions.

The substitution of the distribution functions (5)
and (6) into Eq. (3) gives the following expression for
the coherent form factor of the hollow beam:

(9)

Here, Flong and Ftr are the longitudinal and transverse
coherent form factors, respectively, given by the
expressions

(10)

(11)

Here,

(12)

where  is the zeroth-order Bessel function and

. Substituting the known expansion
[21]
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into Eq. (12), we obtain
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Here,  is the confluent hypergeometric func-
tion and Γ is the gamma function. The final expression
for the transverse coherent form factor of the hollow
electron beam has the form

(16)

According to this expression, the form factor
depends on the radiation observation angle. In other
words, the effect of the beam shape on the character-
istics of radiation depends on the radiation propaga-
tion direction.

Expression (16) applied to an electron beam with
the conventional Gaussian transverse distribution,
i.e., with  or , has the form

(17)

This expression coincides with a classical expression
(see, e.g., [20]).

Using known recurrence relations for confluent
hypergeometric functions, Eq. (14) can be reduced to
the form

(18)

Here, the first confluent hypergeometric function can
be represented in the form
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Fig. 4. (Color online) Transverse form factor versus (а) the
frequency of radiation at θ = 45° and (b) the radiation
observation angle at  THz for the (solid lines) hol-
low and (dashed lines) Gaussian beams at γ = 16 and
(black solid line) μ = 2 and σtr = 75 μm, (red solid line)
μ = 10 and σtr = 20 μm, (black dashed line) μ = 0 and
σtr = 75 μm, and (red dashed line) μ = 0 and σtr = 20 μm.
(с) Profiles of the Gaussian and hollow beams with the
same standard deviation σtr.

Gaussian beam

�

ν = 1.2

Fig. 5. (Color online) Same as in Fig. 4 but for the Gauss-
ian and hollow beams with the same outer radius. 

Gaussian beam

�

In order to transform the second term in Eq. (18), we
use the formula obtained in [22]. Simple transforma-
tions give

(20)

where  is the generalized hypergeometric function,
which in this case is independent of the parameters of
the problem and is a numerical coefficient and I0 and
Im are the modified Bessel functions. We note that
recurrence relations reduce Im to a combination of the
functions I0 and I1.

The final expression for the transverse form fac-
tor (16) has the form

(21)
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Formula (21) is lengthier than Eq. (16), but it includes
the physically informative factor , which
is useful for the qualitative understanding of the
behavior of the solution (e.g., see the asymptotic
behavior at high frequencies in Figs. 4а and 5а).

We introduce the radiation observation angles θ
and φ as follows:

(22)

It is noteworthy that the determined transverse
form factor of the beam depends on the polar angle of
radiation observation  but does not depend on the
azimuth angle φ. This property is due to the axial sym-
metry of the beam. If the axial symmetry is broken,
e.g., when the electron trajectories in the beam are
twisted, the form factor can depend on the angle φ.
This case requires additional calculations, which are
beyond the scope of this work.

To plot the dependences of the form factor (16) on
various variables, infinite series should be truncated,
e.g., by imposing the condition that the addition of the
next terms does not change the plots. It is necessary to
take into account that the number of terms depending
on the dimensions of the bunch can be rather large.

The dependences of the transverse form factor (16)
on the frequency  and on the polar angle of
observation θ are shown by solid lines in Fig. 4 for the
beams whose profiles are presented in Fig. 3. It is seen
that, as expected, the maximum form factor equal to
unity is reached at the smallest observation angles and
at the lowest frequencies of radiation. The frequency
and angular regions near zero, where the form factor is
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close to unity, correspond to the full transverse (spa-
tial) coherence of radiation. These regions are of inter-
est for the development of sources of intense radiation,
but they are interesting for the diagnostics of electron
bunches only in application to the measurement of
longitudinal dimensions. Indeed, the characteristics
of radiation in these regions are independent of the
transverse dimensions of beams. On one hand, the
longitudinal dimensions of the beam cannot be mea-
sured; on the other hand, an excess parameter (trans-
verse dimension), which noticeably complicates the
solution of the inverse problem to reconstruct the lon-
gitudinal dimension/profile of the beam from the
measured radiation distribution, is removed.

We now compare the spectral and angular charac-
teristics of the transverse form factor for hollow beams
and beams with the Gaussian electron distribution
(below, Gaussian beams for brevity).

This comparison is possible in two ways. The first
way is to compare the hollow and Gaussian beams
with the same standard deviation  (see Fig. 4с). In
this case, the transverse electron distribution is given
by the same formula (6) with  for the Gaussian
beam and  for the hollow beam. Then, the form
factors of the Gaussian and hollow beams are given by
Eqs. (17) and (16), respectively. These form factors are
compared in Fig. 4, where dashed lines correspond to
the Gaussian beam.

It is seen in Fig. 4 that the form factor of the hollow
beam, unlike the Gaussian beam, is an oscillating
function of the frequency and polar angle. As a result,
a set of particular frequencies are separated in the total
radiation intensity. Such a picture is usually observed
in the longitudinal form factor (at temporal, i.e., lon-
gitudinal, coherence) for periodically modulated
beams [23–25]. This additionally allows one to mono-
chromatize the spectrum through the modulation of
the hollow beam when the maxima of the longitudinal
and transverse form factors are observed at the same
frequencies.

It is also seen in Fig. 4 that the region of the full
spatial coherence of radiation from the hollow beam is
much smaller than that from the Gaussian beam. This
means that the effect of transverse dimensions of the
beam on the angular and frequency distributions of the
radiation intensity can be neglected when processing
experimental data for Gaussian beams but cannot be
neglected in the case of hollow beams.

The second way of comparison of the spectral and
angular characteristics of the transverse form factor for
hollow and Gaussian electron beams is possible when
the outer radius of the beams is the same, whereas the
degrees of population of the inner part of beams by
electrons are different (see Fig. 5с). Mathematically,
this means that the sum of the radius  and the standard
deviation  of the hollow beam is equal to the stan-
dard deviation of the Gaussian beam: .

σtr

0 = 0r
≠0 0r

0r
σtr

σ + σtr 0 tr= gr
In this case, the transverse form factor of the hollow
beam is still given by Eq. (16), whereas Eq. (17) for the
Gaussian beam is modified to the form

(23)
The comparison is presented in Fig. 5, where the solid
lines for hollow beams are the same as in Fig. 4.
According to Fig. 5, the regions of the full spatial
coherence of the hollow and Gaussian beams become
almost the same because the number of electrons dis-
tributed in the same region determined by the outer
radius of the bunches is the same.

The population of the inner part of the
bunch/beam also strongly affects the form factor at
high frequencies and large observation angles in this
case: oscillations are observed for the hollow beam and
are absent for the Gaussian beam.

4. CONCLUSIONS
It has been shown that the transverse form factor,

which is determined by the transverse dimensions of a
beam, is important for hollow beams in application to
the generation of X-ray photons in free electron X-ray
lasers and synchrotrons, including the generation of
radiation by electron beams with a nonzero orbital
angular momentum. The results are particularly
important because the transverse form factor for con-
ventional (not hollow) electron beams is often nearly
unity, so that the effect of the transverse dimensions of
the beam is neglected.
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